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Summary. This is the second paper in a series concerned with the precise characterization of the elastic

fields due to inclusions embedded in a finite elastic medium. In this part, an exact and closed form solution

is obtained for the elastic fields of a circular inclusion embedded in a finite circular representative volume

element (RVE), which is subjected to the traction (Neumann) boundary condition. The disturbance strain

field due to the presence of an inclusion is related to the uniform eigenstrain field inside the inclusion by the

so-called Neumann-Eshelby tensor. Remarkably, an elementary, closed form expression for the Neumann-

Eshelby tensor of a circular RVE is obtained in terms of the volume fraction of the inclusion. The newly

derived Neumann-Eshelby tensor is complementary to the Dirichlet-Eshelby tensor obtained in the first

part of this work. Applications of the Neumann-Eshelby tensor are discussed briefly.

1 Introduction

In part I of this serial work, a novel solution procedure is developed to solve a class of

Fredholm integral equations. By applying this technique, an exact solution of the elastic

fields due to a circular inclusion inside a finite domain is obtained, which is subjected to

prescribed displacement (Dirichlet) boundary conditions. This second paper deals with its dual

problem: the elastic fields due to a circular inclusion inside a finite circular representative

volume element (RVE) that is purely subjected to prescribed traction (Neumann) boundary

conditions.

In finite domains, the Eshelby tensors are expected to form a duality pair for two different

boundary conditions, much like the Hashin-Shtrikman variational bounds (Hashin and

Shtrikman [3], [4], Hill [5], and Weng [9]) come as a pair from minimization of elastic potential

energy and complementary potential energy. The original Eshelby tensors (Eshelby [1], [2]) for

an ellipsoidal inclusion are obtained in an unbounded domain, and there is no boundary

condition effect. This is because an infinite space has no boundary, and therefore the boundary

effect never affects the inclusion solution. The Eshelby tensor for an infinite domain serves as a

good approximation if the size of an inclusion is small. However, in the ensuing homogeni-

zation processes, effects of different boundary conditions become important, especially in the

range of moderate to high inclusion concentrations. In engineering applications, all RVEs are

finite, and the Eshelby tensors become domain dependent. As discovered in Part I (Li et al. [6])

of this series, the Dirichlet-Eshelby tensor depends on the ratio between the size of the inclusion

and the size of the representative volume element (RVE).
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2 Inclusion problem

Consider a circular inclusion Xe embedded at the center of a circular representative volume

element X. The following traction boundary condition is prescribed on the boundary of the

RVE,

rjiðxÞnj ¼ �ti ¼ r0
jinj; 8x 2 @X; ð1Þ

where r0
ij is a constant stress tensor.

Under the pure traction boundary condition, Hill [3] showed that the remote constant stress

tensor is equal to the average stress in the RVE, i.e.,

r0
ij ¼ hrijðxÞiX ¼: �rij; 8x 2 X: ð2Þ

The total stress field may be decomposed into two parts: the average stress field (also the remote

stress, macro-stress) and the disturbance stress field,

rijðxÞ ¼ �rij þ rd
ijðxÞ; 8x 2 X: ð3Þ

From the average theorem (2), the average of the disturbance stress field vanishes, i.e.

hrd
ijðxÞiX ¼ 0; and the induced disturbance traction field vanishes on the prescribed traction

boundary,

rd
jiðxÞnj ¼ 0; 8x 2 @X: ð4Þ

The total strain field may be viewed as the superposition of the induced remote strain field and

the disturbance strain field,

�ijðxÞ ¼ �0
ij þ �dijðxÞ; 8x 2 X; ð5Þ

where the induced constant strain field on the remote RVE boundary is defined as

�0
ij ¼: Dijk‘r

0
k‘ ¼ Dijk‘�rk‘; ð6Þ

and Dijk‘ is the elastic compliance tensor of the matrix.

In the presence of the second phase inclusion inside the RVE, the average strain field is not

equal to the remote strain of the comparison matrix, i.e., �0
ij 6¼ h�ijðxÞiX ¼: ��ij, which means

that the average of the disturbance strain field will not be zero in this case.

To account for the misfit of an inclusion, a piecewise constant eigenstrain field is prescribed

inside the RVE, i.e.,

��ijðxÞ ¼
��ij; 8x 2 Xe,

0; 8x 2 X=Xe.

�
ð7Þ

In terms of the eigenstrain field, we have

rijðxÞ ¼ r0
ij þ rd

ijðxÞ ¼
Cijk‘ �

0
k‘ þ �dk‘ðxÞ � ��k‘

� �
; 8x 2 Xe;

Cijk‘ �
0
k‘ þ �dk‘ðxÞ

� �
; 8x 2 X=Xe:

(
ð8Þ

�ijðxÞ ¼ �0
ij þ �dijðxÞ ¼

Dijk‘ r0
k‘ þ rd

k‘ðxÞ
� �

þ ��ij; 8x 2 Xe;

Dijk‘ r0
k‘ þ rd

k‘ðxÞ
� �

; 8x 2 X=Xe:

(
ð9Þ

Equivalently, the disturbance strain and stress fields are related via

�dijðxÞ ¼ Dijk‘r
d
k‘ðxÞ þ ��k‘ðxÞ; 8x 2 X; ð10Þ

or
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rd
ijðxÞ ¼

Cijk‘ð�dk‘ðxÞ � ��k‘Þ; 8x 2 Xe;

Cijk‘�
d
k‘ðxÞ; 8x 2 X=Xe:

(
ð11Þ

Analogously to the Eshelby tensor for an infinite space, the interior/exterior Neumann-Eshelby

tensors S
I;N
ijmn;S

E;N
ijmn

� �
for a finite domain are introduced to characterize the disturbance strain

field in terms of the prescribed eigenstrain for a finite RVE under the Neumann boundary

condition, such that

�dijðxÞ ¼
S

I;N
ijmnðxÞ��mn; 8x 2 Xe;

S
E;N
ijmnðxÞ��mn; 8x 2 X=Xe:

(
ð12Þ

Assume that the solid is linear elastic,

rijðxÞ ¼ Cijk‘ek‘ðxÞ; ð13Þ

where Cijk‘ is the elastic tensor and the infinitesimal elastic strain is defined as

eijðxÞ ¼ �ijðxÞ � ��ijðxÞ: ð14Þ

The equilibrium equation, rji;jðxÞ ¼ 0, leads to the following boundary value problem:

Cijk‘u
d
k;‘jðxÞ � Cijk‘�

�
k‘;jðxÞ ¼ 0; 8x 2 X; ð15Þ

rd
jiðxÞnjðxÞ ¼ 0; 8x 2 @X: ð16Þ

It is noted that the eigenstrain distribution is localized within the inclusion, and it is not present

on the RVE boundary.

Denote Green’s function, G1mkðx� yÞ, as the solution of the following Navier’s equation for

an infinite elastic domain in a two-dimensional space,

Cijk‘G
1
mk;‘jðx� yÞ þ dmidðx� yÞ ¼ 0; 8x; y 2 R2; ð17Þ

which gives

G1ij ðx� yÞ ¼ 1

8plð1� mÞ ‘i‘j � ð3� 4mÞdij ln R
� �

; ð18Þ

where m is Poisson’s ratio, l is the shear modulus, ‘i ¼ ðyi � xiÞ=R, and R ¼ jy� xj.
As in Part I of this work, the circular RVE depicted in Fig.1 has radius H0, with a circular

inclusion of radius a in the center. The ratio of inclusion and RVE is characterized by the

dimensionless parameter q0 ¼ a=H0. The normalized radial position for an arbitrary vector

x 2 X is denoted as t ¼ jxj=H0, and its circumference variation is characterized by a unit

normal vector r defined as rðxÞ ¼: x=jxj. For clarity, we reserve the symbol nðyÞ ¼: y=jyj if
y 2 @X to emphasize its position on the RVE boundary. The argument x or y may be dropped

in the following if no confusion can occur.

Using Somigliana’s identity [8] and considering the prescribed traction boundary

condition (16), the disturbance displacement field may be written as the integral

representation:

ud
mðxÞ ¼

I
@X

Cijk‘u
d
kðyÞG1im;jðx� yÞn‘ðyÞdSy �

Z
X

Cijk‘G
1
im;jðx� yÞ��k‘ðyÞdXy: ð19Þ

It is noted that the first part of Eq. (19) is integrated along y 2 @X. When evaluated at x 2 @X,

it becomes a weakly singular integral equation. To avoid discussions on weakly singular

integral equations, we restrict x 2X
�
for the moment, which means that x is in the interior

region of the domain X.
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A similar type of integral equation was solved in Part I. However, the prescribed traction

(Neumann) boundary value problem is fundamentally different from the prescribed displace-

ment (Dirichlet) boundary value problem. Instead of solving a Fredholm type integral equation

for the strain field, a Fredholm type integral equation for the displacement field ud has to be

solved, i.e.,

ud
mðxÞ ¼

I
@X

Cijk‘u
d
kðyÞG1im;jðx� yÞn‘ðyÞdSy � ��k‘

Z
Xe

Cijk‘G
1
im;jðx� yÞdXy: ð20Þ

A new third-order tensor, U
�;N
imnðxÞ, is introduced to characterize the disturbance displacement

field in terms of the prescribed eigenstrain

ud
i ðxÞ ¼

U
I;N
imnðxÞ��mn; 8x 2 Xe;

U
E;N
imnðxÞ��mn; 8x 2 X=Xe;

8<
: ð21Þ

such that the expected strain field solution can be obtained as Eqs. (12), i.e.,

�dijðxÞ ¼
1

2
ud

i;jðxÞ þ ud
j;iðxÞ

� �

¼

1
2

U
I;N
imn;jðxÞ þU

I;N
jmn;iðxÞ

� �
��mn ¼ S

I;N
ijmnðxÞ��mn; 8x 2 Xe;

1
2

U
E;N
imn;jðxÞ þU

E;N
jmn;iðxÞ

� �
��mn ¼ S

E;N
ijmnðxÞ��mn; 8x 2 X=Xe:

8>><
>>:

ð22Þ

As stated in Part I, the main hypothesis of our approach is that the Eshelby tensors for a

circular inclusion in a circular RVE are ‘‘radial isotropic fourth-order tensors’’, i.e., they can be

decomposed into a radial basis and a circumference basis. Using the matrix product of two one-

dimensional (1D) arrays, we may express the components of the fourth-order interior and

exterior Eshelby tensors in the following compact form:

S
I;N
ijmnðxÞ ¼ HT

ijmnðrÞSI;NðtÞ; ð23Þ

S
E;N
ijmnðxÞ ¼ HT

ijmnðrÞSE;NðtÞ; ð24Þ

where the 1D arrays, SI;NðtÞ and SE;NðtÞ, are specified as

a

H0
R

n
y

xf
q

j
e1

e2

r

W
∂W

We

l 

Fig. 1. A circular representative element contain-
ing a circular inclusion
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SI;NðtÞ ¼

S
I;N
1 ðtÞ

S
I;N
2 ðtÞ

S
I;N
3 ðtÞ

S
I;N
4 ðtÞ

S
I;N
5 ðtÞ

2
666666664

3
777777775

and SE;NðtÞ ¼

S
E;N
1 ðtÞ

S
E;N
2 ðtÞ

S
E;N
3 ðtÞ

S
E;N
4 ðtÞ

S
E;N
5 ðtÞ

2
666666664

3
777777775
; ð25Þ

and the vector HijmnðrÞ is the circumference basis of the Eshelby tensors, which is defined as

HijmnðrÞ :¼

dijdmn

dimdjn þ dindjm

dijrmrn

rirjdmn

rirjrmrn

2
6666664

3
7777775
: ð26Þ

Similarly, the tensor U
�;N
imnðxÞ is a ‘‘third-order radial isotropic tensor’’, and it can only admit the

following form, which may be represented by the inner product of two 1D arrays:

U
I;N
imnðxÞ ¼ NT

imnðrÞUI;NðtÞ; 8x 2 Xe; ð27Þ

U
E;N
imnðxÞ ¼ NT

imnðrÞUE;NðtÞ; 8x 2 X=Xe; ð28Þ

where the 1D arrays are defined as

UI;NðtÞ ¼
U

I;N
1 ðtÞ

U
I;N
2 ðtÞ

U
I;N
3 ðtÞ

2
664

3
775; UE;NðtÞ ¼

U
E;N
1 ðtÞ

U
E;N
2 ðtÞ

U
E;N
3 ðtÞ

2
664

3
775 and NimnðrÞ ¼

ridmn

rmdin þ rndim

rirmrn

2
64

3
75: ð29Þ

So the disturbance displacement field decomposes into a radial and circumference basis:

ud
i ðxÞ ¼ ud

i ðt; rÞ ¼ ��mn NT
imnðrÞUI;NðtÞ; 8x 2 Xe; ð30Þ

ud
i ðxÞ ¼ ud

i ðt; rÞ ¼ ��mn NT
imnðrÞUE;NðtÞ; 8x 2 X=Xe: ð31Þ

Further, the kinematic relation (22) yields the following differential mapping that uniquely

determines the radial basis of the strain and the displacement fields via

SI;NðtÞ ¼ DðtÞUI;NðtÞ and SE;NðtÞ ¼ DðtÞUE;NðtÞ; ð32Þ

where DðtÞ is a differential operator defined in matrix form as

DðtÞ ¼ 1

H0

1
t

1
t
� d

dt
� 1

t

0 1
2

1
t
þ d

dt

� �
1
2t

0 � 1
t
þ d

dt
2
t

� 1
t
þ d

dt
� 1

t
þ d

dt
1
t

0 0 � 3
t
þ d

dt

2
66666664

3
77777775

3�5

: ð33Þ

3 Solution of the integral equation

To solve the Fredholm integral equation (20) in the form of Eqs. (30) and (31), we substitute

A circular inclusion II: The Neumann-Eshelby problem 95



ud
kðyÞ ¼ ��mnNT

kmn nyð ÞUE;Nð1Þ; 8y 2 @X ð34Þ

into Eq. (20), which yields

ud
i ðxÞ ¼ � ��mn

Z
Xe

CpqmnG1pi;qðx� yÞdXy

þ ��mn

I
@X

Cpqk‘G
1
pi;qðx� yÞNT

kmnðnyÞUE;Nð1Þn‘ðyÞdSy: ð35Þ

Depending on whether x is inside or outside the inclusion, the domain integral in Eq. (35) has

two different solutions. Denote the domain integrals

NT
imnðrÞUI;1ðtÞ ¼ �

Z
Xe

CpqmnG1pi;qðx� yÞdXy; 8x 2 Xe; ð36Þ

NT
imnðrÞUE;1ðtÞ ¼ �

Z
Xe

CpqmnG1pi;qðx� yÞdXy; 8x 2 X=Xe; ð37Þ

and the boundary integral

NT
imnðrÞUB;NðtÞ ¼

I
@X

Cpqk‘G
1
pi;qðx� yÞ NT

kmn

�
ny

�
UE;Nð1Þn‘ðyÞdSy; 8x 2 X: ð38Þ

Substituting Eqs. (36)–(38) into Eq. (35) and eliminating the circumference basis, one can find

the following pair of algebraic equations for the radial coefficients:

UI;NðtÞ ¼ UI;1ðtÞ þ UB;NðtÞ; 0 � t � a=H0; ð39Þ

UE;NðtÞ ¼ UE;1ðtÞ þ UB;NðtÞ; a=H0 � t � 1: ð40Þ

Closed form expressions for UI;1ðtÞ and UE;1ðtÞ can be obtained by directly evaluating the

domain integrals (36) and (37),Z
Xe

CpqmnG1pi;qðx� yÞdXy

¼ 1

8pð1� mÞ

(
ð4m� 3Þ

Z
Xe

@

@xj

ln R dXy

� 	
2m

1� 2m
dijdmn þ dimdjn þ dindjm

� 	

þ 2m
1� 2m

Z
Xe

@

@xj

RiRj

R2

� 	
dXy


 �
dmn þ

Z
Xe

@

@xj

RiRm

R2

� 	
dXy


 �
djn

þ
Z

Xe

@

@xj

RiRn

R2

� 	
dXy


 �
djm

)
; 8x 2 X: ð41Þ

For x 2 Xe, the integration can easily be evaluated as

NT
imnðrÞUI;1ðtÞ ¼ 4m� 1

8ð1� mÞxidmn þ
3� 4m

8ð1� mÞ ðxmdin þ xndimÞ: ð42Þ

For x 2 X=Xe, the integrals involved in the above equation can be derived as

ðaÞ
Z

Xe

@

@xi

ln Rð ÞdXy ¼
pa2

jxj ri; 8x 2 X=Xe; ð43Þ
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ðbÞ
Z

Xe

@

@xk

RiRj

R2

� 	
dXy ¼

pa2

jxj

"
1� a2

2jxj2

 !
ridjk þ rjdikð Þ � a2

2jxj2
rkdij

�2 1� a2

jxj2

 !
rirjrk

#
; 8x 2 X=Xe: ð44Þ

Substituting Eqs. (43) and (44) into Eq. (41) yields

NT
imnðrÞUE;1ðtÞ¼� 1

8ð1�mÞ

(
2ð1�2mÞ a2

jxj2
� a4

jxj4

" #
xidmn

þ
"

2ð2m�1Þ a2

jxj2
� a4

jxj4

#
xmdinþxndimð Þ� 4

a2

jxj2
� a4

jxj4

 !
xixmxn

jxj2

)
: ð45Þ

After reorganization, UI;1ðtÞ and UE;1ðtÞ are obtained as

UI;1ðtÞ ¼ H0t

8ð1� mÞ

4m� 1

3� 4m

0

2
6664

3
7775 and UE;1ðtÞ ¼ q2

0H0

8ð1� mÞ t

4m� 2þ q2
0

t2

2� 4mþ q2
0

t2

4 1� q2
0

t2

� �

2
66664

3
77775: ð46Þ

It is noted that, when subjected to the differential operator (33), the Eshelby tensor for an

infinite RVE is recovered, i.e.,

SI;1ðtÞ ¼ DðtÞUI;1ðtÞ and SE;1ðtÞ ¼ DðtÞUE;1ðtÞ : ð47Þ

The boundary contribution UB;NðtÞ can be evaluated directly from Eq. (38) as

NT
imnðrÞUB;NðtÞ ¼

I
@X

Himnðx; yÞdSy; ð48Þ

where

Himn ¼ Cpqk‘G
1
pi;qðx� yÞNT

kmn

�
ny

�
UE;Nð1Þn‘ðyÞ

¼ 1

4pð1� mÞR

(
U

E;N
1 ð1Þ

h
ð1� 2mÞð2ninp‘pdmn � ‘idmnÞ þ 2‘inp‘pnq‘qdmn

i

þ U
E;N
2 ð1Þ

h
ð1� 2mÞðnmnp‘pdin þ nnnp‘pdim þ ninm‘n þ ninn‘m

� 2nmnn‘iÞ þ 2nm‘i‘nnp‘p þ 2nn‘i‘mnp‘p

i

þ U
E;N
3 ð1Þ

h
ð1� 2mÞð2ninmnn‘pnp � nmnn‘iÞ þ 2nmnn‘inp‘pnq‘q

i)
:

ð49Þ
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Integral (48) consists of the following independent parts, which are derived in the Appendix:

ðiÞ
Z
@X

1

R
‘idSy ¼ 0; ð50Þ

ðiiÞ
Z
@X

1

R
nink‘kdSy ¼ p t ri; ð51Þ

ðiiiÞ
Z
@X

1

R
ninj‘kdSy ¼

p
2

t ridjk þ rjdik � rkdijð Þ; ð52Þ

ðivÞ
Z
@X

1

R
ni‘j‘knp‘pdSy ¼

p
4

t 3 ridjk � rjdik � rkdijð Þ; ð53Þ

ðvÞ
Z
@X

1

R
ninjnknp‘pdSy ¼

p
4

tð1� t2Þðridjk þ rjdik þ rkdijÞ þ p t3 rirjrk; ð54Þ

ðviÞ
Z
@X

1

R
‘inp‘pnq‘qdSy ¼ 0; ð55Þ

ðviiÞ
Z
@X

1

R
ninj‘knp‘pnq‘qdSy

¼ p
2

t 1� t2
� �

ðridjk þ rjdikÞ �
p
2

t 1� t2

2

� 	
rkdij þ

p
2

t3 rirjrk: ð56Þ

Integral (48) can be integrated exactly after substitution of Eqs. (50)–(56). After some

algebraic manipulation, the final result is expressed in compact matrix form as

UB;NðtÞ ¼ KðtÞ UE;Nð1Þ; ð57Þ

where

KðtÞ ¼ 1

4ð1� mÞ

2ð1� 2mÞt ð1� 4mÞt �2mtþ mt3

0 t tþ 2m�3
2

t3

0 0 ð3� 4mÞt3

2
6664

3
7775: ð58Þ

The term UB;NðtÞ represents the Neumann boundary correction of the disturbance displacement

field due to a finite RVE. This reduces the system of Eqs. (39) and (40) to

UI;NðtÞ ¼ UI;1ðtÞ þKðtÞ UE;Nð1Þ; 0 � t � a=H0; ð59Þ

UE;NðtÞ ¼ UE;1ðtÞ þKðtÞ UE;Nð1Þ; a=H0 � t < 1: ð60Þ

Assuming that UI;NðtÞ and UE;NðtÞ depend on t continuously we let t! 1. One can solve for

UE;Nð1Þ by letting t ¼ 1 in Eq. (60), i.e.,

UE;Nð1Þ ¼
h
1�Kð1Þ

i�1

UE;1ð1Þ; ð61Þ

which gives
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UE;Nð1Þ ¼ H0

1
2
q2

0ðq2
0 � 1Þ

1
2
q4

0

2q2
0ð1� q2

0Þ

2
664

3
775: ð62Þ

Substituting Eq. (62) back into Eqs. (59) and (60), one can first find

UB;NðtÞ ¼ q2
0H0

8ð1� mÞ

ð3q2
0 � 4m� 2Þ tþ 4mð1� q2

0Þt3

ð4� 3q2
0Þ tþ 2ð2m� 3Þð1� q2

0Þt3

4ð3� 4mÞð1� q2
0Þt3

2
66666664

3
77777775
; ð63Þ

and subsequently one can solve for both UI;NðtÞ and UE;NðtÞ, which are the radial basis for the

interior and exterior disturbance displacement fields in a finite domain,

UI;NðtÞ¼ H0

8ð1�mÞ

4m�1

3�4m

0

2
6666664

3
7777775
þ q2

0H0

8ð1�mÞ

ð3q2
0�4m�2Þ tþ4mð1�q2

0Þt3

ð4�3q2
0Þ tþ2ð2m�3Þð1�q2

0Þt3

4ð3�4mÞð1�q2
0Þt3

2
6666664

3
7777775
; 0� t�a=H0;

ð64Þ

UE;NðtÞ¼ q2
0H0

8ð1�mÞ

4m�2

t
þq2

0

t3

2�4m
t
þq2

0

t3

4

t
�4

q2
0

t3

2
6666666666664

3
7777777777775

þ q2
0H0

8ð1�mÞ

ð3q2
0�4m�2Þ tþ4mð1�q2

0Þt3

ð4�3q2
0Þ tþ2ð2m�3Þð1�q2

0Þt3

4ð3�4mÞð1�q2
0Þt3

2
6666664

3
7777775
; a=H0� t�1:

ð65Þ

The radial coefficients for the Eshelby tensor can be obtained by applying the differentiation

operator (33) to Eqs. (64) and (65),

SI;NðtÞ¼DðtÞUI;NðtÞ¼ 1

8ð1�mÞ

4m�1

3�4m

0

0

0

2
666666664

3
777777775
þ q2

0

8ð1�mÞ

�2ð1þ2mÞþ3q2
0þ12ð1�q2

0Þm t2

4�3q2
0�6ð1�q2

0Þ t2

12ð1�2mÞð1�q2
0Þ t2

0

0

2
6666666664

3
7777777775
; ð66Þ
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S
E;NðtÞ¼DðtÞUE;NðtÞ

¼ q2
0

8ð1�mÞ

�2ð1þ2mÞ
t2

þ9q2
0

t4

2

t2
�3q2

0

t4

4ð1þ2mÞ
t2

�12q2
0

t4

4

t2
�12q2

0

t4

�16

t2
þ24q2

0

t4

2
6666666666666666666664

3
7777777777777777777775

þ q2
0

8ð1�mÞ

�2ð1þ2mÞþ3q2
0þ12ð1�q2

0Þm t2

4�3q2
0�6ð1�q2

0Þ t2

12ð1�2mÞð1�q2
0Þ t2

0

0

2
666666666664

3
777777777775

: ð67Þ

The exact expressions for the Neumann-Eshelby tensors for a circular inclusion embedded in a

circular RVE under prescribed traction boundary condition are then given as follows:

S
I;N
ijmnðxÞ ¼

1

8ð1� mÞ

(h
ð4m� 1Þð1� q2

0Þ � 3q2
0ð1� q2

0Þð1� 4m t2Þ
i
dijdmn

þ
h
ð3� 4mÞ þ q2

0 þ 3q2
0ð1� q2

0Þð1� 2 t2Þ
i
ðdimdjn þ dindjmÞ

þ
h
12ð1� 2mÞq2

0ð1� q2
0Þ t2

i
dijrmrn

)
; 8x 2 Xe; ð68Þ

S
E;N
ijmnðxÞ ¼

q2
0

8ð1� mÞ

(

�2ð1þ 2mÞ

� 1

t2
þ 1
�
þ 12mt2 þ q2

0

9

t4
þ 3� 12mt2

� 	�
dijdmn

þ



2

t2
þ 4� 6t2 � 3q2

0

� 1

t4
þ 1� 2t2

��
ðdimdjn þ dindjmÞ

þ



4
� 1þ 2m

t2
þ 3ð1� 2mÞ t2

�
� 12q2

0

� 1

t4
þ ð1� 2mÞt2

��
dijrmrn

þ



4

t2

�
1� 3q2

0

t2

��
dmnrirj

þ



8

t2

� 3q2
0

t2
� 2
��

rirjrmrn

)
; 8x 2 X=Xe: ð69Þ

Expressions (64), (65), (68), and (69) can be re-cast into a unified form,

S
�;NðtÞ ¼ S

�;1ðtÞ þ S
B;NðtÞ; 0 � t � 1; ð70Þ

U�;NðtÞ ¼ U�;1ðtÞ þ UB;NðtÞ; 0 � t � 1: ð71Þ

We emphasize that the solution in a finite RVE is essentially composed of the infinite domain

solution and the boundary correction. The components of each term are plotted in Fig. 2 and

Fig. 3a, c and e for an inclusion size q0 ¼ 0:2 and Poisson’s ratio m ¼ 0:3. Note that all Eshelby
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tensor coefficients have a jump at the inclusion/matrix interface t ¼ q0, while the disturbance

displacement field remains continuous within the RVE.

4 Disturbance traction field

The induced disturbance traction field on a set of successive concentric circular surfaces can be

determined using

tdi ðxÞ ¼ rd
jiðxÞ rjðxÞ: ð72Þ

In view of (11) and the Eshelby tensors (68)–(69), the disturbance traction field can be specified

as
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Fig. 2. Coeffcients of the Neumann-Eshelby tensor S1ðtÞ; S2ðtÞ; S3ðtÞ;S4ðtÞ and S5ðtÞ
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tdi ðxÞ ¼
rjðxÞ Cijk‘ S

I;N
k‘mnðxÞ � I

ð4sÞ
k‘mn

� �
��mn; 8x 2 Xe,

rjðxÞ Cijk‘ S
E;N
k‘mn
ðxÞ ��mn; 8x 2 X=Xe:

8<
: ð73Þ

where I
ð4sÞ
k‘mn

is the fourth-order symmetric identity tensor. It is noted that it also falls into our

new category of a fourth-order radial isotropic tensor.

Simple calculation reveals that tdi ðxÞ can also be characterized using a third-order radial

isotropic tensor TimnðxÞ, which can be further decomposed into a radial and circumference

basis such that

tdi ðxÞ ¼
T

I;N
imnðrÞ ��mn ¼ NT

imnðrÞT I;NðtÞ��mn; 8x 2 Xe;

T
E;N
imnðrÞ��mn ¼ NT

imnðnÞT E;NðtÞ��mn; 8x 2 X=Xe;

(
ð74Þ

with the radial basis being determined by
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T I;NðtÞ ¼ 2l
1� 2m

S
I;N
1 ðtÞ þ 2mS

I;N
2 ðtÞ þ ð1� mÞSI;N

4 ðtÞ � m

ð1� 2mÞSI;N
2 ðtÞ � ð1� 2mÞ=2

S
I;N
3 ðtÞ þ ð1� mÞSI;N

5 ðtÞ

2
66664

3
77775; 0 � t � a=H0; ð75Þ

T E;NðtÞ ¼ 2l
1� 2m

S
E;N
1 ðtÞ þ 2mS

E;N
2 ðtÞ þ ð1� mÞ S

E;N
4 ðtÞ

ð1� 2mÞSE;N
2 ðtÞ

S
E;N
3 ðtÞ þ ð1� mÞSE;N

5 ðtÞ

2
66664

3
77775; a=H0 � t � 1: ð76Þ

It is readily verified that when t ¼ 1,

TE;Nð1Þ ¼

0

0

0

2
6664

3
7775 : ð77Þ

This means that the traction vector vanishes at the boundary of the RVE, i.e., tdi ðxÞ � 0 for

8x 2 @X. This verifies that the prescribed Neumann boundary condition is exactly satisfied by

the obtained Neumann-Eshelby solution.

Figure 3b, d and f show profiles of the disturbance traction coefficients of T�;1ðtÞ, TB;NðtÞ
and T�;NðtÞ, where we chose m ¼ 0:3 and q0 ¼ 0:2. Note that all coefficients of the disturbance

displacement and traction fields are continuous and that TE;NðtÞ ¼ 0 at t ¼ 1.

5 Applications

With the Neumann-Eshelby tensor derived, homogenization theory needs to be revisited to take

into account the boundary effect of the RVE and the size effect of the inclusion.

Consider the averages

ht2iXe
¼ 1

2
q2

0 and ht2nmnniXe
¼ 1

4
q2

0 dmn; ð78Þ

and the volume fraction of the inclusion in an RVE

f :¼ q2
0 ¼

a2

H2
0

: ð79Þ

The average interior Neumann-Eshelby tensor from Eq. (68) has the following form:

hSI;N
ijmniXe

¼ s1 E
ð1Þ
ijmn þ s2 E

ð2Þ
ijmn; ð80Þ

with

s1 ¼
1þ ð1� 2mÞf

2ð1� mÞ ; s2 ¼
ð3� 4mÞ þ f ð4� f ð6� 3f ÞÞ

4ð1� mÞ ; ð81Þ

and
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E
ð1Þ
ijmn ¼

1

2
dijdmn; ð82Þ

E
ð2Þ
ijmn ¼

1

2

�
dimdjn þ dindjm � dijdmn

�
: ð83Þ

One may compare this result with the interior Eshelby tensor of an infinite space,

S
I;1
ijmn ¼ s0

1 E
ð1Þ
ijmn þ s0

2 E
ð2Þ
ijmn ¼

1

2ð1� mÞ E
ð1Þ
ijmn þ

3� 4m
4ð1� mÞ E

ð2Þ
ijmn: ð84Þ

Note the average interior Neumann-Eshelby tensor is different from the average interior

Dirichlet-Eshelby tensor of part I.

Note the following limiting cases:

(i) when f ¼ 0, s1 ¼ s0
1, and s2 ¼ s0

2;

(ii) when f ¼ 1, s1 ¼ 1, and s2 ¼ 1.

The newly derived Neumann-Eshelby tensor hSI;1
ijmniXe

is used in the homogenization of a single

inclusion problem. For comparison, we consider the same material properties as used in Part I,

where the ratios of inclusion andmatrix properties are: bulk modulus Ke=K ¼ 10, shear modulus

le=l ¼ 5, and Poisson’s ratio me=m ¼ 3. Effective material properties Keff , leff and meff are eval-

uated using the dilute homogenization method (e.g., Nemat-Nasser and Hori [9]) under pre-

scribed traction. The homogenization results are depicted in Fig. 4 in comparison with those

obtained using S
I;1
ijmn. It is well known that the dilute homogenization gives poor predictions for

effective material properties when the volume fraction of the inclusion is large (dashed lines). By

using the new Neumann-Eshelby tensor, satisfactory results have been obtained for the whole

range of the volume fraction of the inclusion ( f 2 ½0; 1�).
To understand the nature of the Neumann-Eshelby tensor, we calculate the sums of both the

interior and the exterior Neumann-Eshelby tensors, S
I;N
iijj ðxÞ and S

E;N
iijj ðxÞ,

S
I;N
iijj ðxÞ ¼ S

I;N
1111ðxÞ þ S

I;N
2222ðxÞ þ S

I;N
1122ðxÞ þ S

I;N
2211ðxÞ

¼ 4S
I;N
1 ðtÞ þ 4S

I;N
2 ðtÞ þ 2S

I;N
3 ðtÞ þ 2S

I;N
4 ðtÞ þ S

I;N
5 ðtÞ

¼ 1þ ð1� 2mÞ f

1� m
¼ 2s1 ð85Þ

and

S
E;N
iijj ðxÞ ¼ S

E;N
1111ðxÞ þ S

E;N
2222ðxÞ þ S

E;N
1122ðxÞ þ S

E;N
2211ðxÞ

¼ 4S
E;N
1 ðtÞ þ 4S

E;N
2 ðtÞ þ 2S

E;N
3 ðtÞ þ 2S

E;N
4 ðtÞ þ S

E;N
5 ðtÞ

¼ ð1� 2mÞ f

1� m
: ð86Þ

Again, the dependence of both S
I;N
ijmnðxÞ and S

E;N
ijmnðxÞ on the position vector is cancelled out

under the prescribed uniform biaxial eigenstrain distribution, but they still have explicit

dependence on the volume fraction of the inclusion.

Compare the Neumann-Eshelby tensor with the Dirichlet-Eshelby tensor obtained in part I:

since ð1� 2mÞ 	 0,

1þ ð1� 2mÞ f

1� m
>

1� f

1� m
) S

I;N
iijj > S

I;D
iijj ; ð87Þ
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ð1� 2mÞ f
1� m

>
�f

1� m
) S

E;N
iijj > S

E;D
iijj : ð88Þ

This indicates that the dilatational sum of the Neumann-Eshelby tensor is always larger than

that of the Dirichlet-Eshelby tensor, which means that under the same prescribed bi-axial

eigenstrain field the disturbance strain field corresponding to a prescribed traction boundary

condition will be larger than the disturbance strain field corresponding to a prescribed dis-

placement boundary condition.

It may be interesting to note that

S
I;N
iijj � S

E;N
iijj ¼ S

I;1
iijj ¼

1

1� m
¼ 2 s0

1: ð89Þ

6 Conclusions

In this paper, we solved the dual problem to part I: that is the elastic fields of a 2D plane

strain circular inclusion in a finite representative volume element under the prescribed

traction boundary condition. By doing so, we have found the so-called Neumann-

Eshelby tensors in both the interior and exterior region of a circular RVE with a circular

inclusion.
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As in the case of the Dirichlet-Eshelby tensors, it has been shown that the Neumann-Eshelby

tensors do not depend on the prescribed boundary data, and they only depend on the volume

fraction of the inclusion and the position where the tensors are being evaluated.

Applications of the Neumann-Eshelby tensor shows remarkable improvement in a simple

homogenization procedure. We have obtained the three-dimensional counterparts of both the

Dirichlet-Eshelby tensor and the Neumann-Eshelby tensor, and have applied these results to

develop new variational bounds. They will be reported in later papers.

Appendix

Integration formulas

In this Appendix, we document the detailed integration procedures in evaluating the seven

integrations listed in Eqs. (50)–(56).

Define:

t ¼:
jxj
H0

; ð90Þ

R ¼: jy� xj ¼ H0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2t cos /þ t2

p
; ð91Þ

and

‘ ¼ y� x

jy� xj ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 2t cos /þ t2
p cosðuþ /Þ � t cos u

sinðuþ /Þ � t sin u

" #
: ð92Þ

According to Fig. 1, we define the unit normal vectors at x 2 X and y 2 @X:

nðyÞ ¼ y

jyj ¼
cosðuþ /Þ
sinðuþ /Þ

" #
; and y ¼ H0nðyÞ; ð93Þ

rðxÞ ¼ x

jxj ¼
cos u

sin u

" #
; and x ¼ tH0rðxÞ: ð94Þ

Considering xþ R‘ ¼ y, we have

‘i ¼
H0

R
niðyÞ � �xið Þ; ð95Þ

or

niðyÞ ¼
R

H0
‘i þ �xi; ð96Þ

where

�xi ¼:
xi

H0
¼ t riðxÞ ð97Þ

Equation (96) is useful in the following derivations to substitute n in the integrands for ‘.

Another trick usually applied is to substitute unity into the integrand, which reads

‘s‘s ¼
H0

R

� 	2

ns � �xsð Þ2¼ H0

R

� 	2

1þ t2 � 2ns�xs

� �
¼ H0

R

� 	2

1þ t2 � 2
R

H0
‘s þ �xs

� 	
�xs

� 	

¼ H0

R

� 	2

1� t2
� �

� 2
H0

R

� 	
‘s�xs � 1; ð98Þ
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Elemental integrals

To facilitate the integrations, we shall break the integrals (50)–(56) into the following elemental

integrals, which have been proved in the Appendix of Part I.

The seven elemental integrals are

ðiÞ
Z 2p

0

d/ ¼ 2p; ð99Þ

ðiiÞ
Z 2p

0

1

R
‘id/ ¼ 0; ð100Þ

ðiiiÞ
Z 2p

0

‘i‘jd/ ¼ pdij; ð101Þ

ðivÞ
Z 2p

0

1

R
‘i‘j‘md/ ¼ 0; ð102Þ

ðvÞ
Z 2p

0

‘i‘j‘m‘nd/ ¼ p
4
ðdijdmn þ dimdjn þ dindjmÞ; ð103Þ

ðviÞ
Z 2p

0

1

R
‘i‘j‘m‘n‘rd/ ¼ 0; ð104Þ

ðviiÞ
Z 2p

0

‘i‘j‘m‘n‘r‘sd/ ¼ p
24

�
dijdmndrs þ dimdjndrs þ dindjmdrs þ dirdmndjs þ disdmndjr

þ dijdmrdns þ dimdjrdns þ dindjrdms þ dirdmjdns þ disdmjdnr

þ dijdmsdnr þ dimdjsdnr þ dindjsdmr þ dirdmsdnj þ disdmrdnj

�
: ð105Þ

Utilizing Eq. (98), one can further find the following identities:Z 2p

0

R

H0
‘id/ ¼ �2�xs

Z 2p

0

‘i‘sd/;

Z 2p

0

R

H0
‘i‘j‘md/ ¼ �2�xs

Z 2p

0

‘i‘j‘m‘sd/; ð106Þ

Z 2p

0

R

H0
‘i‘j‘m‘n‘rd/ ¼ �2�xs

Z 2p

0

‘i‘j‘m‘n‘r‘sd/: ð107Þ

The seven integrals

(i) Considering integration (100) it is trivial to show that

II ¼
Z
@X

1

R
‘idSy ¼ 0 : ð108Þ

(ii) Likewise, by using the elemental integrals, we can show

III ¼
Z
@X

1

R
nink‘kdSy ¼

Z 2p

0

H0

R
nink‘kd/

¼
Z 2p

0

R

H0
‘id/þ �xi

Z 2p

0

d/þ �xk

Z 2p

0

‘i‘kd/þ �xi�xk

Z 2p

0

H0

R
‘kd/

¼ ptri: ð109Þ
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(iii) It can also be readily shown that

IIII ¼
Z
@X

1

R
ninj‘kdSy ¼

Z 2p

0

H0

R
ninj‘kd/

¼
Z 2p

0

R

H0
‘i‘j‘kd/þ �xj

Z 2p

0

‘i‘kd/þ �xi

Z 2p

0

‘j‘kd/þ �xi�xj

Z 2p

0

H0

R
‘kd/

¼ p
2

t dikrj þ djkri � dijrkð Þ: ð110Þ

(iv) Integral IIV follows as:

IIV ¼
Z
@X

1

R
ni‘j‘knp‘pdSy ¼

Z 2p

0

H0

R
ni‘j‘knp‘pd/

¼
Z 2p

0

R

H0
‘i‘j‘kd/þ �xi

Z 2p

0

‘j‘kd/þ �xp

Z 2p

0

‘i‘j‘k‘pd/þ �xi�xp

Z 2p

0

H0

R
‘i‘k‘pd/

¼ p
4

t 3 djkri � dikrj � dijrkð Þ: ð111Þ

(v) By substituting Eq. (96), integral IV is written as:

IV ¼
Z
@X

1

R
ninjnkn‘‘‘dSy

¼
Z 2p

0

H0

R

R

H0
‘i þ �xi

� 	
R

H0
‘j þ �xj

� 	
R

H0
‘k þ �xk

� 	
R

H0
‘‘ þ �x‘

� 	
‘‘d/

¼
Z 2p

0

R

H0

� 	3

‘i‘j‘k þ
R

H0

� 	2

‘i‘j‘k‘‘�x‘ þ
R

H0

� 	2

‘i‘j�xk þ ‘i‘k�xj þ ‘j‘k�xið Þ
"

þ R

H0

� 	
‘i‘j‘‘�x‘�xk þ ‘i‘k‘‘�x‘�xj þ ‘j‘k‘‘�x‘�xið Þ þ R

H0

� 	
‘i�xj�xk þ ‘k�xi�xj þ ‘j�xi�xkð Þ

þ ‘k‘‘�xi�xj�x‘ þ ‘i‘‘�xj�xk�x‘ þ ‘j‘‘�xi�xk�x‘ þ �xi�xj�xk þ
H0

R

� 	
�xi�xj�xk�x‘‘‘

�
d/: ð112Þ

Three types of integrals are involved in the above besides the seven basic integrals:

Z 2p

0

R

H0

� 	2

‘i‘j‘k‘‘d/ ¼ ð1� t2Þ
Z 2p

0

‘i‘j‘k‘‘d/� 2�xs

Z 2p

0

R

H0

� 	
‘i‘j‘k‘‘‘sd/

¼ p
4
ð1� t2Þ dijdk‘ þ dikdj‘ þ djkdi‘ð Þ þ 4�xr�xs

Z 2p

0

‘i‘j‘k‘‘‘r‘sd/

¼ p
4
ð1� 1

3
t2Þ dijdk‘ þ dikdj‘ þ djkdi‘ð Þ

þ p
3

dij�xk�x‘ þ dk‘�xi�xj þ dik�xj�x‘ þ di‘�xj�xk þ dkj�xi�x‘ þ dj‘�xi�xkð Þ; ð113Þ
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Z 2p

0

R

H0

� 	3

‘i‘j‘kd/ ¼
Z 2p

0

R

H0

� 	3

‘i‘j‘k‘s‘sd/

¼ 1� t2
� � Z 2p

0

R

H0

� 	
‘i‘j‘kd/� 2�xs

Z 2p

0

R

H0

� 	2

‘i‘j‘k‘sd/

¼ �pðdij�xk þ dik�xj þ djk�xiÞ � 2p�xi�xj�xk; ð114Þ

Z 2p

0

R

H0

� 	2

‘i‘jd/ ¼
Z 2p

0

R

H0

� 	2

‘i‘j‘s‘sd/

¼ 1� t2
� � Z 2p

0

‘i‘jd/� 2�xs

Z 2p

0

R

H0

� 	
‘i‘j‘sd/

¼ 1� t2
� �

pdij þ 4�xr�xs

Z 2p

0

‘i‘j‘r‘sd/

¼ p dij þ 2�xi�xjð Þ: ð115Þ

Substituting all these integrals into Eq. (112), after lengthy algebra, it can be avaluated as

IV ¼
p
4

t 1� t2
� �

dijrk þ dikrj þ djkrið Þ þ pt3rirjrk: ð116Þ

(6) Use Eq. (96) to simplify

np‘p ¼
R

H0
‘p þ �xp

� 	
‘p ¼

R

H0
þ �xp‘p: ð117Þ

Thus the sixth integral vanishes:

IVI ¼
Z
@X

1

R
‘inp‘pnq‘qdSy

¼
Z 2p

0

H0

R

� 	
‘i

R

H0
þ �xp‘p

� 	
R

H0
þ �xq‘q

� 	
d/

¼
Z 2p

0

R

H0
‘id/þ 2�xp

Z 2p

0

‘i‘pd/þ �xp�xq

Z 2p

0

H0

R
‘i‘p‘qd/

¼ �2p�xi þ 2p�xi ¼ 0: ð118Þ

(vii) Finally the last integral is written as

IVII ¼
Z
@X

1

R
ninj‘knp‘pnq‘qdSy

¼
Z 2p

0

H0

R

� 	
R

H0
‘i þ �xi

� 	
R

H0
‘j þ �xj

� 	
‘k

R

H0
þ �xp‘p

� 	
R

H0
þ �xq‘q

� 	
d/

¼
Z 2p

0

R

H0

� 	3

‘i‘j‘kd/þ 2�xp

Z 2p

0

R

H0

� 	2

‘i‘j‘k‘pd/þ �xj

Z 2p

0

R

H0

� 	2

‘i‘kd/

þ �xi

Z 2p

0

R

H0

� 	2

‘j‘kd/þ �xp�xq

Z 2p

0

R

H0

� 	
‘i‘j‘k‘p‘qd/

þ 2�xp�xj

Z 2p

0

R

H0

� 	
‘i‘k‘pd/þ 2�xp�xi

Z 2p

0

R

H0

� 	
‘j‘k‘pd/þ �xi�xj

Z 2p

0

R

H0

� 	
‘kd
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þ �xj�xp�xq

Z 2p

0

‘i‘k‘p‘qd/þ �xi�xp�xq

Z 2p

0

‘j‘k‘p‘qd/þ 2�xp�xi�xj

Z 2p

0

‘p‘kd/

þ �xi�xj�xp�xq

Z 2p

0

H0

R

� 	
‘p‘q‘kd/: ð119Þ

All these components have been evaluated before. After lengthy calculation, it finally yields

IVII ¼ �
p
2

t 1� t2

2

� 	
dijrk þ

p
2

t 1� t2
� �

dikrj þ djkrið Þ þ p
2

t3rirjrk: ð120Þ
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