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A B S T R A C T

The number of ground motion cycles is one of important characteristics of seismic loadings. This paper presents
new prediction equations for the effective numbers of cycles using the mixed-effects model and 7447 ground-
motion recordings selected from the NGA-West2 database. Four measures of the effective numbers of ground
motion cycles, including two absolute and two relative measures, were computed based on the rainflow range-
counting approach. The proposed functional forms employ four predictor variables consisting of moment
magnitude M, rupture distance Rrup, site condition parameter Vs30, depth-to-top-of-rupture parameter Ztor, and a
rupture directivity term Idir. An additional sediment depth parameter Z1 is incorporated in the predictive model
for the absolute measures. The proposed models are applicable in predicting the effective numbers of cycles
subjected to shallow crustal earthquakes with M ranging from 4 to 7.9, and rupture distance up to 300 km. It is
also found that the standard deviations of the relative measures are much smaller than the absolute ones, in-
dicating a higher level of predictability for the relative measures of ground motion cycles.

1. Introduction

Seismic loadings are complex and transient excitations, so a com-
plete characterization of earthquake ground motions requires multiple
intensity measures (IMs), including measures of a time-series about its
peak amplitude, duration, cumulative energy, and frequency content,
etc. Among these ground motion characteristics, the number of ground
motion cycles, or alternatively, ground motion duration, has been
widely regarded as an important parameter in geotechnical earthquake
engineering [1]. Numerous studies have stated that the number of
cyclic loadings has a great influence on the buildup of pore water
pressure in liquefiable soils (e.g. Refs. [2–4]). The effect of the number
of uniform amplitude cycles, represented by the so-called magnitude
scaling factor, has been commonly incorporated in empirical liquefac-
tion potential assessment [5–7].

In laboratory tests, liquefaction potential assessment is usually
conducted in such a manner that soil specimens are subjected to uni-
form cycles of loadings. Yet, earthquake ground motion is a transient
excitation consisting of seismic cycles with irregular amplitude; it is
therefore necessary to convert all irregular amplitude cycles to an

equivalent number of uniform cycles (e.g. Refs. [8,9]). Hancock and
Bommer [10] reviewed and compared the existing cycle-counting de-
finitions in the literature, and they concluded that the rainflow range-
counting approach is the most desirable method in earthquake en-
gineering because it properly quantifies both high-frequency and low-
frequency cyclic waves.

As an important parameter in earthquake engineering, the existing
prediction equations for the effective number of ground motion cycles
are, however, relatively few. The pioneering work was conducted by
Seed and Idriss [11], in which the relationship between the number of
ground motion cycles and earthquake magnitude was studied. After
that, some researchers [12,13] have proposed predictive models based
on various ground motion databases, cycle-counting definitions, and
functional forms. The detailed information of both models is summar-
ized in Table 1.

The recent compilation of the NGA-West2 database including
thousands of global earthquake recordings enables researchers to de-
velop the new generation of predictive models for ground motion IMs.
This paper then aims at developing a set of prediction equations for the
effective numbers of cycles based on the expanded NGA-West2 ground
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motion database. Four measures of the numbers of effective cycles,
including two absolute and two relative ones, are first calculated using
the rainflow range-counting approach. Appropriate functional forms for
these number-of-cycle measures are then derived based on the statis-
tical programming software R [14]. Finally, the performance of the
proposed models is examined and compared with existing models, and
some recommendations and discussions about their practical use are
presented.

2. Ground motion database

A subset of the Pacific Earthquake Engineering Research Center's
PEER NGA-West2 database [15] is selected in this study. The NGA-
West2 ground motion recordings can be downloaded from the PEER
website (https://ngawest2.berkeley.edu/). The whole NGA-West2 da-
tabase includes 21,533 three-component uniformly processed record-
ings from 599 worldwide shallow crustal earthquakes in active tectonic
regions. The exclusion criteria employed by Campbell and Bozorgnia
[16] are first adopted to exclude some low-quality, unreliable, in-
complete or poorly-recorded data, aftershocks, and non-free-field re-
cordings. Besides, recent studies have stated that some low-amplitude
ground motions in the NGA-West2 database are possibly polluted by
signal noise [17,18]. Inclusion of such motions would inevitably affect
the calculated numbers of cycles. Thus, to avoid any bias caused by low-
amplitude ground motions, the following selection criteria are further
applied: (1) moment magnitude M≥4; (2) rupture distances
Rrup≤300 km; and (3) peak ground acceleration PGA≥0.001 g. Re-
cordings that fail to satisfy these criteria are then excluded from the
database.

The resulting final database consists of 7447 recordings from 169
earthquakes with M ranging from 4 to 7.9, and Rrup ranging from
0.1 km to 299.54 km. The M-Rrup distribution, and the histograms of the
time-averaged shear wave velocity in top 30m Vs30, depth to the
1.0 km/s shear wave isosurface Z1 for ground motion recordings, and
the depth to the top of the fault rupture Ztor for earthquake events are
summarized in Fig. 1. Note that for each recording, the geometrical
mean of the calculated numbers of cycles for the two horizontal com-
ponents is used for developing the empirical models. Although the
physical interpretation of the geometric mean of the number of cycles
seems ambiguous, it represents the average value from the two hor-
izontal components of a ground motion in logarithmic scale. Besides, a
NGA-West2 flatfile including the detailed information of these ground
motion recordings was downloaded from the PEER website (http://
peer.berkeley.edu/ngawest2/databases/).

Fault rupture directivity can greatly influence the ground motion
characteristics, generally resulting in pulse-like ground motion re-
cordings in some near-fault locations. Two conditions are required for
producing forward directivity effects: the fault ruptures towards a site,

and the slip direction is aligned with this site [19]. Based on a recent
study [20] that proposed a new algorithm to identify directivity-like
ground motions from the NGA-West2 database, 131 directivity-like
ground motions are identified to examine the effect of forward direc-
tivity on the effective numbers of ground motion cycles. Fig. 2 displays
the M-Rrup distribution of the directivity-like recordings contained in
the present database. It can be seen that most of the directivity-like
recordings have a rupture distance less than 40 km.

3. Development of predictive models

3.1. Calculation of the effective numbers of cycles

As summarized by Hancock and Bommer [10], there are dozens of
cycle counting definitions in the literature, which can be broadly
classified into several categories: peak counting, level crossing
counting, range counting, and indirect counting approaches. In this
study, the rainflow range-counting method [21] is adopted, because it
properly quantifies the contribution of both high-frequency and low-
frequency cyclic waves contained in a broad-band signal. The rainflow
method is widely used to assess the fatigue life of a structure subject to
complex loadings. This algorithm counts a history of peaks and troughs
in sequence for a given time-series, and they are regarded as starting
and ending points for defining each cycle. Thus, a series of half-cycles
and full-cycles with various amplitudes are obtained, and the number of
cycles can be calculated by summation. One can refer to Refs. [10,22]
for the detailed algorithm of the rainflow range-counting approach.

The absolute definition of the effective number of cycles can be
expressed as:

=
=
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where NA denotes the absolute measures of the effective numbers of
cycles; ui is the amplitude of the i-th half cycle obtained by the afore-
mentioned rainflow range-counting approach; Tn is the total number of
cycles; and j is the exponent coefficient, affecting the relative im-
portance of different amplitude cycles. Note that a higher value of j
represents a greater contribution of the large amplitude cycles to the
effective number of cycles calculated. Many studies have investigated
the relationship between cyclic resistance ratio and the number of cy-
cles for soil liquefaction potential (e.g. Ref. [23]). For instance, Liu
et al. [12] reported that the exponent values are in the range of 2–3
based on laboratory tests and field observations; Idriss and Boulanger
[6] recommended an exponent coefficient of 3 for clean sands based on
high-quality samples. Thus, two exponent coefficients, namely 2 and 3,
are employed to compute the numbers of cycles for both absolute and
relative measures in this study.

A typical relative definition of the effective numbers of cycles, in
which each amplitude ui is normalized by the maximum amplitude of
all half-cycles umax, is expressed as:
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where NR denotes the relative measures of the effective cycles. As
mentioned above, the values of 2 and 3 are used for the exponent
coefficient j. Therefore, four definitions of the effective numbers of
cycles, namely NA (2.0), NA (3.0), NR (2.0), and NR (3.0), are considered
in this study. The empirical values for these measures will be used for
subsequent regression analyses.

3.2. Magnitude and distance scalings for empirical data

Unlike other ground motion IMs (e.g., the source duration term in
predictive models for significant duration [17]) that can be theoreti-
cally estimated based on seismological models, there are no theoretical

Table 1
Summary of the recently proposed models for the effective number of ground
motion cycles.

Cycle
parametera

Cycle-
counting
definitions

No. of
earthquakes
used

No. of
records
used

Reference

A relative
measure

Peak 150 1664 Liu et al. [12]

NA (2.0) Rainflow
range

115 2406 Stafford and
Bommer [13]NR (2.0)

NA (2.0) Rainflow
range

169 7447 This study
NA (3.0)
NR (2.0)
NR (3.0)

a NA (2.0), NA (3.0): absolute measures of ground motion cycles for ex-
ponents as 2 and 3, respectively. NR (2.0), NR (3.0): relative (normalized)
measures of ground motion cycles for exponents as 2 and 3, respectively.
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source functions associated with the prediction of the number of ground
motion cycles. Thus, we focused on the derivation of functional forms
mainly based on the empirical data. The empirical data are first split
into two rupture distance (magnitude) bins, and then the empirical data
trends with respect to moment magnitude (rupture distance) for NA
(2.0) and NR (2.0) are shown in Figs. 3 and 4, respectively. At each plot,
the whole M (or Rrup) range is evenly partitioned into several bins, and
the trend line consisting of the mean value of each binned empirical
data is displayed. For the absolute measures, it can be seen that NA (2.0)
generally increases with increasing M, except that the NA (2.0)-Mw

trend keeps almost constant for large-magnitude (M > 6.5) and short-
source distance (Rrup< 80 km) earthquake scenarios. Besides, Fig. 3b
illustrates that NA (2.0) generally decreases with increasing Rrup, but
the decreasing trend varies at different magnitude and distance inter-
vals. At small magnitudes (M < 5.5), NA (2.0) decreases fastest in the
short-distance range (Rrup< 60 km), while the slope of the decreasing

trend becomes much flatter over the other distance range. At large
magnitudes (M > 5.5), NA (2.0) decreases almost linearly versus Rrup,
as shown in the right plot.

As is shown in Fig. 4a, the mean curve for binned NR (2.0) keeps
approximately constant at relatively small magnitudes (M < 5.5),
while it increases as M increases in the M > 5.5 magnitude range. In
particular, the increasing trend in the short distance range
(Rrup< 80 km) is more pronounced than that of the far distance range
(80<Rrup< 300 km). In addition, as shown in Fig. 4b, the NR (2.0)-
Rrup trend increases linearly within the short distance range
(Rrup< 50 km), whereas it keeps almost constant at moderate-to-far
distances for both small and large magnitude ranges. The plots in Figs. 3
and 4 demonstrate the M- and Rrup-dependence of NA (2.0) and NR
(2.0), which could provide some insights when choosing appropriate
functional forms during the regression process.

3.3. Functional forms and the implications

The mixed-effects model widely used in earthquake engineering is
adopted for developing new predictive models for NA and NR. The
mixed-effects model can separate the total residuals into between-event
and within-event residuals. Under the assumption that the distribution
of the number of ground motion cycles is lognormal, the models pro-
posed take the forms as:

= + +N Nln( ) ln( )x ij x ij i ij (3)

Where Nx denotes the effective numbers of cycles considered in this
study (i.e., NA (2.0), NA (3.0), NR (2.0), and NR (3.0)); Nln( )ij is the
logarithm of the predicted Nx for the j-th recording from the i-th event;

i and ij denote the between-event and within-event residuals, which
are normally distributed with zero means and standard deviations
and , respectively. The total standard deviation is calculated

as = +2 2 .
The regression analysis was conducted for NA and NR separately,

using the “nlme” package implemented in the statistical programming

Fig. 1. Moment magnitude-rupture distance distribution, the histograms of Vs30 and Z1 for ground motion recordings, and the histogram of Ztor for earthquake events
used in this study.

Fig. 2. Moment magnitude and rupture distance distribution of the forward
directivity recordings used in this study.
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Fig. 3. Distributions of the empirical NA (2.0) with respect to (a) moment magnitude, and (b) rupture distance, respectively.

Fig. 4. Distributions of the empirical NR (2.0) with respect to (a) moment magnitude, and (b) rupture distance, respectively.
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software R [14]. Based on a trial and error approach, many candidate
functional forms were tried and tested for fitting the empirical data. The
final functional forms are determined according to a combined con-
sideration of simplicity, predictive efficiency, unbiased distribution of
residuals, and physical basis.

3.3.1. Functional form for NA
The functional form chosen for the absolute measures NA is pre-

sented as:

= + + + +N f f f f fln( )A mag dis mag V Z Z dir, ,s30 tor1 (4)

= + + =f c c M c M M Mwhere min( , 7.2)mag 1 2 1 3 1
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=f c ZZ tor11tor (9)

=f c Idir 12 dir (10)

whereM is moment magnitude; Rrup is rupture distance (km); Vs30 is the
time-averaged shear wave velocity of the upper 30m (m/s); Z1 is the
depth to the 1.0 km/s shear wave isosurface; Ztor is the depth to the top
of the fault rupture (km); and Idir is an indicator variable representing
directivity conditions (Idir= 1 for forward directivity effect, and
Idir. = 0.0 otherwise). We observed an influence of the sediment depth
effect on the NA magnitude, so such effect is quantified by sediment
depth differential z1. The term z1, which is also employed by recently
developed ground motion prediction equations (e.g. Refs. [24–26]),
measures the difference between the empirical Z1 and the predicted
median depthµz1as:

=z Z µ V( )z s301 1 1 (11)

whereµ V( )z s301 can be calculated based on empirical relationships for
specific regions. As summarized in Boore et al. [24], the empirical Z1-
Vs30 equations for California and Japan are expressed as:

= +
+( )µ VCalifornia: ln 7.15

4
ln 570.94

1360 570.94
ln(1000)z

s30
4 4

4 41 (12a)

= +
+( )µ VJapan: ln 5.23

2
ln 412.39

1360 412.39
ln(1000)z

s30
2 2

2 21 (12b)

whereµz1and Vs30 are in the units of km and m/s, respectively. For
applications where the measured or predicted Z1 is not available, a
default value of z1 as 0 is recommended. Note that some other seis-
mological parameters, such as fault category indicators, were also tried
and tested during the regression process, but it was observed that they
are statistically insignificant. The calculated coefficients for NA (2.0)
and NA (3.0), associated with the corresponding standard errors and p-
values, are summarized in Tables 2 and 3, respectively. It can be seen
that all coefficients yield very small p-values, concluding that they are
statistically significant.

The proposed model includes the scaling of NA with respect to M,
Rrup, site condition, Ztor, and Idir. It is seen that a quadratic M-scaling is
employed in this model; such formulation can properly fit the empirical

magnitude scaling over the broad M range. A piece-wise additive Rrup-
scaling term is incorporated, which allows more flexibility in capturing
the various decreasing trends at different distance intervals (Fig. 3b).
Besides, the sediment thickness Z1 and Vs30 are used together to model
the effect of site conditions. The proposed model includes a negative
NA-Vs30 correlation and a positive NA-Z1 correlation (see the coefficients
c9 and c10 listed in Tables 2 and 3), indicating that the ground motions
recorded at softer soil sites or at sites with deeper sediment thickness
will, on average, have larger NA values. This can be explained by the
fact that NA, as an absolute measure, is highly correlated with peak-
amplitude IMs such as PGA [27]. The effects of site conditions on NA
and PGA are thus similar. Yet, unlike PGA, the soil nonlinearity effect
on NA is found to be insignificant. This is perhaps because compared to
PGA, NA quantifies not only the peak-amplitude cycle, but also a
number of secondary ground motion cycles. Thus, a linear Vs30 term
only is incorporated in the NA functional from.

We also observed a positive NA-Ztor correlation, which is presently
difficult to explain, yet such observation is consistent with a previous
study [13]. In addition, a constant term is incorporated in the func-
tional form to quantify the effect of rupture directivity. The coefficient
c12 is negative, indicating that the rupture directivity effect causes a
reduction in the number of ground motion cycles, which is expected
due to the more low-frequency components of directivity-like record-
ings.

3.3.2. Functional form for NR
The final functional form for the relative measures NR is presented

as:

= + + + +N f f f f fln( )R mag dis V Z dir,mag s30 tor (13)

=
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c c M M
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(15)

=f c Vln( )V s304s30 (16)

=f c ZZ tor5tor (17)

Table 2
Regression parameters of the proposed NA (2.0) model.

Parameter c1 c2 c3 c4 c5 c6 c7

Value −21.06 5.220 −0.218 −0.221 0.025 −0.038 0.0074
Std. Error 1.950 0.733 0.067 0.013 0.002 0.002 0.002
p-value 0.000 0.000 0.001 0.000 0.000 0.000 0.000
Parameter c8 c9 c10 c11 c12 τ a

Value 0.010 −0.764 0.309 0.082 −0.411 0.549 1.033
Std. Error 0.001 0.035 0.073 0.018 0.118 – –
p-value 0.000 0.000 0.000 0.000 0.000 – –

a Note: the total standard deviation can be computed as = +2 2 .

Table 3
Regression parameters of the proposed NA (3.0) model.

Parameter c1 c2 c3 c4 c5 c6 c7

Value −34.62 8.426 −0.380 −0.377 0.044 −0.062 0.016
Std. Error 2.929 1.100 0.100 0.020 0.003 0.003 0.003
p-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000
Parameter c8 c9 c10 c11 c12 τ
Value 0.015 −1.232 0.422 0.132 −0.479 0.795 1.597
Std. Error 0.002 0.054 0.112 0.026 0.182 – –
p-value 0.000 0.000 0.000 0.000 0.009 – –
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=f c Idir 6 dir (18)

where the definitions of M, Rrup, Vs30, Ztor, and Idir are explained above,
and M2 is a truncated magnitude parameter defined
as =M Mmin[max( , 5. 5), 7.2]2 . Note that the sediment thickness para-
meter Z1, which was employed for predicting NA in Eq. (4), is not in-
cluded in the functional form for NR due to its statistical insignificance.
The regressed coefficients, along with the standard errors and p-values,
are listed in Table 4. Again, the small p-values denote that these coef-
ficients are statistically significant.

The proposed functional form includes a bilinear M scaling term: NR
is independent of M at M < 5.5, and it increases with increasing M in
the M≥5.5 range. This bilinear M-term is supported by the distribu-
tion of the empirical data shown in Fig. 4a. The increasing trend of NR
at moderate-to-large magnitudes is physically anticipated. Based on
theoretical seismological models (e.g. Ref. [28]), large-magnitude
earthquakes can generate ground motions with relatively broadband
seismic waves and long source duration, which tends to yield an in-
crease in the relative number of ground motion cycles.

The increasing Rrup-NR trend is restricted at short distances only
(Rrup< 50 km), and a Rrup-independent term for NR is considered at
moderate-to-far distances. The notable increase of NR at short distances
(Rrup< 50 km) is expected, which is mainly caused by the increasing
refractions and reflections of seismic waves over the travelling path,
resulting in more effective cycles of ground motions. Yet, readers may
be surprised about the choice of the Rrup-independent scaling at
Rrup> 50 km. As illustrated in Fig. 4b, NR keeps roughly constant as
Rrup increases for bins with Rrup larger than 50 km. This observation can
be explained as follows. As travelling distance increases, although the
increasing refractions and reflections of seismic waves yield more
ground motion cycles, the high-frequency component of seismic waves

Table 4
Regression parameters of the proposed NR models.

NR (2.0) c1 c2 c3 c4 c5 c6 τ

Value 0.846 0.414 −0.048 0.095 −0.015 −0.266 0.157 0.392
Std. Error 0.092 0.036 0.001 0.013 0.005 0.039 – –
p-value 0.000 0.000 0.000 0.000 0.003 0.000 – –
NR (3.0) c1 c2 c3 c4 c5 c6 τ
Value 0.503 0.378 −0.040 0.060 −0.017 −0.261 0.128 0.378
Std. Error 0.086 0.031 0.001 0.012 0.005 0.038 – –
p-value 0.000 0.000 0.000 0.000 0.001 0.000 – –

Fig. 5. Distributions of the between-event residuals with respect to M, Ztor, and within-event residuals with respect to Rrup,Vs30, Z1, and z1 for the absolute measure
NA (2.0). Note that in these, and subsequent plots, the red square symbol denotes the local mean value of each binned residuals, and the dashed curves denote their
95% confidence intervals. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web version of this article.)

W. Du, et al. Soil Dynamics and Earthquake Engineering 125 (2019) 105759

6



decays much faster than the low-frequency component, which in-
evitably reduces the contribution of the high-frequency component to
the effective number of cycles. We speculate that at moderate-to-far
distances (Rrup> 50 km), both effects on the magnitude of NR tend to
counteract each other, so NR is relatively insensitive to the change of
Rrup within such a distance range. Besides, a M2-dependent term is in-
corporated in fdis,magto better capture NR-Rrup increasing trend
(Rrup< 50 km) at various magnitude intervals.

It is well recognized that soft site conditions can generally amplify
the amplitudes of ground motion cycles. The functional form indicates
that there is a positive correlation between Vs30 and NR, which might be
explained as a result of different amplifications of ground motion cy-
cles. At soft sites (with small Vs30 values), the amplification of the peak
cycle amplitude (umax) might be, by average, greater than those of the
other individual cycles, resulting in a slight decrease of NR.

The coefficient of the Ztor scaling for NR is slightly negative, which is
perhaps because the depth of buried ruptures influences the scattering
of seismic wave propagation. As explained by Bommer and Stafford
[13], the waves of a deeper event are possibly less scattered and dis-
persed, leading to a decrease in the magnitude of NR. Besides, similar to
NA, the rupture directivity effects also cause a reduction in the mag-
nitude of NR.

3.4. Residual analysis

The models developed need to be validated by checking the distribu-
tions of residuals. Figs. 5 and 6 show the between-event residuals with
respect to M, Ztor, and the within-event residuals with respect to Rrup, Vs30,
Z1, and z1 for NA (2.0) and NA (3.0), respectively. To better inspect the
residual trend, the residuals are partitioned into several equally spaced
bins; the local means as well as the 95% confidence intervals of the binned
residuals are shown in each plot. It can be seen that both the between- and
within-event residuals are generally unbiased versus the predictor vari-
ables. There are a few slight biases (e.g., within-event residuals at z1 >
2km), which are inevitable due to a paucity of data.

Figs. 7 and 8 illustrate the between-event and within-event residuals
with respect to M, Ztor, Rrup, Vs30, and Z1 for NR (2.0) and NR (3.0),
respectively. The local binned means and the 95% confidence intervals
are also shown in each plot. It is interesting to see that, although very
simple M and Rrup terms are incorporated in the functional form, no
clear biases or trends with respect to these predictor variables can be
observed, validating the appropriateness of the functional form
adopted. Besides, the generally unbiased distribution of the residuals
versus Z1 confirms that the NR values are independent of Z1. The plots
in Figs. 5–8 indicate that the proposed models fit the empirical data

Fig. 6. Distributions of the between-event residuals with respect to M, Ztor, and within-event residuals with respect to Rrup, Vs30, Z1, and z1 for the absolute measure
NA (3.0).
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reasonably well.
Fig. 9a and b further display the calculated within-event residuals of

the forward directivity recordings against rupture distance for NA (2.0)
and NR (2.0), respectively. The computed means of the binned residuals
are also shown in each plot. In general, the residuals are not sig-
nificantly deviated from the zero line, and the few biased local means
(e.g., 30<Rrup< 40 km in Fig. 9a) are mainly caused by the limited
data. Therefore, the proposed models reasonably address the rupture
directivity effect on the effective number of ground motion cycles.

The normality assumption also needs to be examined for the NA and
NR models developed. Q-Q plot (quantile-quantile plot) is used herein
for visually checking the univariate normality of the between-event and
within-event residuals. The Q-Q plot is a scatterplot that compares the
empirical data quantiles and the corresponding theoretical quantiles
[29]. It will lie on the “y= x” line if it is a perfect case. Fig. 10a and b
shows the normalized Q-Q plots of the between-event and within-event
residuals for NA (2.0) and NR (2.0), respectively. The theoretical
quantiles are calculated from the standard normal distribution. It can be
seen that the empirical data trends match closely with the “y= x” line,
especially in the range of −3 to 3. Besides, although not shown here,
the residuals of NA (3.0) and NR (3.0) exhibit similar trends of Q-Q
plots. Thus, it is concluded that the normality assumption of the

regression models for logarithmic NA and NR is reasonable.

3.5. Aleatory variability terms

As mentioned above, the total standard deviation consists of two
components, namely the between-event standard deviation and the
within-event standard deviation . In this subsection, the between- and
within-event residuals are partitioned into several M bins, and in each
bin the standard deviation of the residuals is calculated. Fig. 11a and b
shows the computed binned standard deviations of and with M for
NA (2.0) and NR (2.0), respectively. It can be seen that for both mea-
sures NA and NR, the standard deviations and do not show a clear
dependence on magnitude. Consequently, it is recommended to use the
average value of these binned standard deviations (the solid curve in
each plot), and such constant and values are appropriate for all
earthquake scenarios. The standard deviation values of and are
listed in Tables 2 and 3 for NA (2.0) and NA (3.0), and in Table 4 for NR
(2.0) and NR (3.0), respectively.

4. Model performance

The performance of the new models is examined and compared with

Fig. 7. Distributions of the between-event residuals with respect to M, Ztor, and within-event residuals with respect to M, Rrup,Vs30, and Z1 for the relative measure NR
(2.0).
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existing models in this section. Figs. 12 and 13 display the predicted
median and median± 1 standard deviation curves with respect to
distance scaling under three earthquake scenarios for NA and NR, re-
spectively. The empirical data selected from the present database are
also shown in each plot. Several observations can be made from these

plots. First, the predicted trends of NA and NR are generally in agree-
ment with the empirical data, indicating that the functional forms
adopted for scalings with magnitude and distance are appropriate.
Second, as shown in Fig. 12c, the median predictions of NA for the M
7.5 event seem to be slightly larger than the observed data. This is

Fig. 8. Distributions of the between-event residuals with respect to M, Ztor, and within-event residuals with respect to M, Rrup,Vs30, and Z1 for the relative measure NR
(3.0).

Fig. 9. Distribution of the within-event residuals
of forward directivity recordings with respect to
rupture distance Rrup for (a) NA (2.0) and (b) NR
(2.0), respectively. The red square symbol de-
notes the local mean value of each binned re-
siduals. (For interpretation of the references to
colour in this figure legend, the reader is re-
ferred to the Web version of this article.)
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Fig. 10. Q-Q plots of the normalized between-event and within-event residuals for (a) NA (2.0), and (b) NR (2.0), respectively. Note: and represent the between-
event residuals and within-event residuals, respectively.

Fig. 11. Between-event and within-event binned standard deviations versus magnitude for (a) NA (2.0) and (b) NR (2.0), respectively. At each plot, the points denote
the calculated standard deviations for the binned residuals, and the vertical confidence intervals are estimated based on an assumed chi-squared distribution. Note:
and denote the between-event and within-event standard deviations, respectively.
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because the data within this magnitude range (7.25 < M < 7.75) are
dominated by recordings from the 1999 Chi-Chi earthquake, which is
known to have produced smaller than expected ground motions com-
pared to a similar earthquake event (e.g. Refs. [30,31]). Besides, as
shown in Fig. 13b, the proposed NR relationships are, to some extent,
lower than the empirical data in the moderate-to-far distance range.
This is mainly attributed to the Rrup-independent term (for
Rrup> 50 km) employed in the functional form (Eq. (15)).

The performance of the models is further compared with a prior study
in the literature. The NA (2.0) and NR (2.0) models developed by Stafford
and Bommer [13] (termed as SB09 hereafter) are enlisted. They are ap-
propriate for such comparison because of the same cycle-counting defi-
nition considered. Note that only the SB09 model without the considera-
tion of directivity effect (i.e., Eqs. (4) and (11) in Ref. [13]) is employed
herein. The median predictions of the new models and the SB09 model
under three earthquake scenarios are compared in Fig. 14. For NA (2.0),
the predictive curves between the present study and the SB09 model are
generally consistent. Yet, as is shown in Fig. 14b, the predictions for NR

(2.0) exhibit somewhat discrepancies, especially within the short distance
range. Specifically, the SB09 model has a steep parabolic trend at short
distances for M=7.5. The predictive differences between the two models
might be due to the different distance scaling terms employed; we choose
a bilinear Rrup term, whereas a cos(M)-dependent Rrup term is incorporated
in the SB09 model.

5. Discussions

Quantifying the effective number of ground motion cycles is im-
portant in assessing liquefaction potential of soil deposits or damage
degree of structures [32]. This paper therefore proposed new predictive
models for four measures of the numbers of effective cycles, including
two absolute (NA (2.0), NA (3.0)) and two relative measures (NR (2.0),
NR (3.0)). They could be used for a variety of applications. In particular,
the relative measures have some favorable features. First, the predictive
models for NR (2.0) and NR (3.0) have significantly smaller standard
deviations than those of the NA models. A smaller standard deviation

Fig. 12. Comparisons of the predicted NA (2.0) and NA (3.0) with the empirical data for three earthquake scenarios considered: (a) M=5.5, Ztor= 6 km; (b) M=6.5,
Ztor= 4 km; (c) M=7.5, Ztor= 0 km. The Vs30 value is set as 400m/s, and z1 is assigned as 0 for these scenarios considered. In these and subsequent plots, the
empirical data are selected following a combination of [M-0.25, M+0.25] and [Vs30-200, Vs30+200]. For example, Fig. 12a displays the empirical data of NA (2.0)
and NA (3.0) for 5.25 < M < 5.75 and 200<Vs30< 600m/s.
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Fig. 13. Comparisons of the predicted NR (2.0) and NR (3.0) with the empirical data for three earthquake scenarios: (a) M=5.5, Ztor= 6 km; (b) M=6.5,
Ztor= 4 km; (c) M=7.5, Ztor= 0 km. The Vs30 value is set as 400m/s for these scenarios considered.

Fig. 14. Median predictions of the new models developed compared with the SB09 model for (a) NA (2.0), and (b) NR (2.0), respectively. In these plots, the number of
cycles are predicted with input parameters assigned: Vs30= 400m/s =z 01 , and Ztor as 6, 4, and 0 km for M=5.5, 6.5, and 7.5, respectively. The near-fault
directivity effect is not considered for both models.
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indicates a higher level of predictability, which is preferable in en-
gineering applications. Second, a recent study stated that NR provides
some supplementary information regarding the ground motion char-
acteristics compared with commonly used IMs such as PGA and spectral
accelerations [27]. Therefore, NR, together with peak response para-
meters (e.g., PGA), can be regarded as a vector-IM with more complete
earthquake information provided. Many studies have advocated the
advantage of the use of a vector-IM in seismic hazard analysis (e.g. Refs.
[33,34]). Thus, the vector-IM consisting of NR (3.0) and PGA could be
appropriate for evaluating the liquefaction potential of clean sands.

This paper focused on studying the effective numbers of ground
motion cycles directly based on earthquake recordings. Yet, the
“equivalent number of cycles” concept originally denotes the number of
equivalent stress cycles (termed as Ncyc) in soil masses subjected to a
random shaking [35]. Recently some scholars have studied empirical
relationships for Ncyc by performing site response analysis (e.g. Refs.
[9,36]). For specific soil profiles, the magnitude of Ncyc is closely re-
lated to the occurrence of soil liquefaction. The exploration of pre-
dictive models for Ncyc will be a subject of future study.

6. Conclusions

This study presented new predictive models for the effective num-
bers of cycles of ground motions using 7447 earthquake recordings
selected from the NGA-West2 database. Four measures of the effective
cyclic numbers, including two absolute (NA (2.0) and NA (3.0), with
exponent coefficients of 2 and 3, respectively) and two relative mea-
sures (NR (2.0) and NR (3.0)), were considered and calculated using the
rainflow range-counting approach. The models were developed based
on the mixed-effects regression analysis. The functional forms predict
the effective numbers of cycles as a function of moment magnitude (M),
rupture distance (Rrup), site parameters (Vs30 and sediment depth Z1),
depth to the top of the fault rupture (Ztor), and forward directivity in-
dicator (Idir). A quadratic M-scaling and a piece-wise linear Rrup term
are included in the functional form for NA, whereas simple bilinear M
and Rrup terms are employed in the proposed model for NR. Visual in-
spection of the between-event and within-event residuals indicates that
they are generally unbiased versus the predictor variables employed.
The prediction equations developed in this paper are applicable to
shallow crustal earthquakes with M ranging from 4 to 7.9, Vs30 in the
range of 100 to 2100m/s, and rupture distance up to 300 km.

The performance of the proposed models is validated and compared
with an existing study. The new models could be regarded as an im-
provement over existing models owing to the use of the expanded da-
tabase. The relative measures demonstrate an advantage over the ab-
solute measures due to the much smaller standard deviations (i.e.,
higher predictability) reported. Therefore, the relative measures NR,
along with peak amplitude IMs (e.g., PGA), can constitute a meaningful
vector-IM that could be applied in the assessment of liquefaction po-
tential in engineering applications.
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