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Environmental Engineering, The Hong Kong University of Science and Technology, Hong Kong SAR

ABSTRACT
Spatial variability of soils can have a profound effect on seismic site
amplification, which cannot be reasonably captured using conven-
tional one-dimensional analyses. In this study, the shear-wave velo-
city of soils is modelled as a 2D spatially correlated random field.
Extensive simulations are conducted to quantify the influence of
spatial variability of soils on site amplification using 2D Spectral
Element Method. Key influential factors include variation and spatial
correlation of shear wave velocity in both horizontal and vertical
directions. Numerical simulations show that site amplification at
resonance frequencies is subdued, and its variation depends on
these influential factors. Spatial correlations of site amplification are
also investigated, showing that the correlation range of site amplifi-
cation is frequency dependent. The correlation range is much longer
at low frequencies than that at high frequencies. The analyses imply
that length scales of both soil heterogeneity and wavelength should
be considered simultaneously when quantifying the spatial variability
of ground motion amplification.
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1. Introduction

Amplification of propagated seismic waves in soils has often been observed as one of the
major causes of intensive damage in past earthquakes [e.g. Kawase, 1996; Flores-Estrella
et al., 2007; Bradley et al., 2018]. Previously, seismic site response analysis has often been
conducted using one-dimensional models. A few analytical investigations have been
conducted for layered inhomogeneous soil with modulus varying with depth [Gazetas,
1982; Towhata, 1996; Afra and Pecker, 2002; Travasarou and Gazetas, 2004; Mylonakis
et al., 2011; Rovithis et al., 2011; Zhang et al., 2017, 2019]. Numerical models, such as the
equivalent linear (EQL) method and its variants, or a fully nonlinear method, are often
used in 1D site response analyses [Schnabel et al., 1972; Idriss and Sun, 1992; Hashash and
Park, 2002; Park and Hashash, 2004; Rathje et al., 2010; Kaklamanos et al., 2013, 2015;
Huang et al., 2018]. However, all above analyses assume soils are layered and extend
infinitely in the horizontal direction. The 1D model has been reported to be insufficient in
estimating ground responses of adjacent soil columns with different material properties
[Pehlivan et al., 2012]. Seismic scattering effect, that is, seismic waves are modified by
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heterogeneities, cannot be accounted for in 1D ground response analyses. Yet, 2D and 3D
analyses are rarely conducted due to their complexity.

Due to different depositional history, soil properties vary from one location to another
even within relatively homogenous deposit. Field investigation of surficial geologic sedi-
ments in North California shows that shear wave velocity varies with coefficient of
variation (COV) 0.15–0.2 within each geologic unit [Holzer et al., 2005]. Only a few site
investigations have been conducted to quantify the spatial correlation structure of soil
properties at a site-specific scale. In general, the horizontal correlation is stronger than the
vertical due to horizontal layering of sediments. Geostatistical studies show that horizontal
correlations of soil properties are at the scale of meters to tens of meters while the vertical
correlations are on the order of centimeters to meters [Elkateb et al., 2003;
Thompson et al., 2009]. For undrained shear strength in clays, Soulie et al. [1990]
found the horizontal correlation range of 30 m and a vertical range of 3 m. DeGroot
[1996] analyzed the spatial variability of in-situ soil properties and found the correlation
ranges are 15–30 m in the horizontal direction and 0.5–3 m in the vertical direction.
Recent numerical examples clearly demonstrated that spatial variability of soil strength has
significant effects on bearing capacity of the ground [Wu et al., 2019].

Soil variability and its spatial distribution in both horizontal and vertical directions can
have a profound effect on site amplification. Therefore, modeling the soils as spatially
correlated random fields can significantly improve prediction of the ground response
against recorded field data [Thompson et al., 2010]. In this study, extensive simulations
are conducted to quantify the influence of spatial variability in soil profiles on site
amplification through 2D numerical analyses. The shear wave velocity distribution within
the site is modelled by a 2D spatially correlated random field. Parametric studies are
carried out by varying key influential factors, including variation of shear-wave velocity
and its horizontal/vertical spatial correlations. Based on numerical studies, the research
provides empirical relation between variability in seismic ground amplification and that in
heterogeneous soil medium, which would be useful to improve scientific understanding of
propagation of variability in seismic ground response analyses.

2. Spectral Element Modelling of Spatially Varying Ground

2.1. Modeling Spatially Correlated Shear Wave Velocity

In this study, the shear wave velocity of the site is modelled as a spatially correlated
random field. At a given location, the shear wave velocity is assumed to be log-normally
distributed with a specified mean Vs and variance. Spatially, the values of shear wave
velocity are correlated. The distance at which the correlation diminishes is called the
range. The variance and the range characterizes the heterogeneity of the shear wave
velocity as a spatially distributed random variable.

In this study, the semivariogram analysis is adopted to model the shear wave velocity of
soils as spatially correlated random field [Goovaerts, 1997]. Semivariogram analysis has
been extensively used as a geostatistical tool for modeling regionalized variables, such as
spatially distributed ground motions and ground-motion intensity measures [Park and
Hashash, 2004; Huang and Wang, 2015a, 2015b; Wang and Du, 2013; Du and Wang,
2014]. The empirical semivariogram, γ hð Þ, can be estimated using the following equation:
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γ hð Þ ¼ 1
2N hð Þ

XN hð Þ

1

Vs x þ hð Þ � Vs xð Þ½ �2 (1)

where Vs (x) is shear wave velocity at location x, h denotes the separation distance, N hð Þ is
the number of data pairs separated at a distance h. The semivariogram can be fitted using an
exponential model [Wang and Du, 2013; Du and Wang, 2014; Huang and Wang, 2015a,
2015b], with the following functional form:

~γ hð Þ ¼ a 1� exp � 3h
R

� �� �
(2)

where a and R denote sill and correlation range of a semivariogram, respectively. The
exponential model specifies that 95% of the spatial correlation vanishes beyond the range
R. Accordingly, the spatial correlation function ρðhÞ can be written as:

ρðhÞ ¼ exp � 3h
R

� �
(3)

Assuming the shear-wave velocity follows a lognormal distribution, the 2D random field
of shear-wave velocity can be generated by developing a covariance function C(h) between
velocities at different locations via:

CðhÞ ¼ σ2lnVs ρ hð Þ (4)

Four parameters are specified in the spatially correlated random field, namely, (1) the
mean μlnVs and (2) standard deviation σlnVs of shear-wave velocity in log scale for
a lognormal distribution, (3) the horizontal correlation range Rh;Vs

, and (4) the vertical

correlation range Rv;Vs
for specifying spatial correlations. Figure 1 shows realizations of Vs

random fields with different horizontal/vertical correlation ranges. It can be observed in
Fig. 1a that the Vs values follow a lognormal distribution with a relatively small correlation
range (i.e. Rh;Vs and Rv;Vs

= 6 m) in both horizontal and vertical directions. Figure 1b,

c demonstrate a stronger horizontal spatial correlation with Rh;Vs = 100 m. Clearly, a larger
correlation range corresponds to more uniformly distributed Vs field. Note that the
correlation range in the horizontal direction is generally greater than that in the vertical

(a)                                                                   (b) 
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Figure 1. An illustrative example of spatially correlated shear-wave velocity random field, with the
mean value of 200 m/s and σln Vs = 0.2, (a) Rh;Vs ¼ 6m, Rv;Vs ¼ 6m ; (b) Rh;Vs ¼ 100m, Rv;Vs ¼ 6m ; (c)
Rh;Vs ¼ 100m, Rv;Vs ¼ 2m.
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direction, given that soils are often deposited horizontally layer by layer. It is also worth
mentioning that the random field in Fig. 1 are just a small portion of a much bigger
domain for illustration purpose, while entire domain in the numerical simulation is
L = 2000 m in width and H = 30 m in thickness. We adopted Vs = 200 m/s as the
mean value of shear-wave velocity and the damping ratio of 5% for all simulations
throughout the study.

2.2. Spectral Element Simulation (SEM)

In this study, the SEM is adopted to simulate propagation of seismic waves in 2D
heterogeneous soils using software package SPECFEM2D [Komatitsch and Vilotte,
1998]. The SEM is a high-order finite element method that uses a special nodal basis
and pseudo-spectral method to achieve high accuracy in modeling wave propagation. The
SEM method is superior to the commonly used finite-difference method in many ways. If
a polynomial degree of 4 is used in interpolation, one SEM element per wavelength has
been found to be sufficiently accurate [Wang et al., 2017, 2018].

Throughout the study, the SEM mesh resolution is 2 m × 2 m in both horizontal and
vertical directions, and the polynomial degree of 4 is used for interpolation, which is accurate
for modeling wave propagation up to 100 Hz. The random velocity fields generated in the
previous section are assigned to Gaussian points in SEM elements. An incident plane shear
wave is input from the bottom displacement boundary. The upper boundary is a free surface
and periodic condition is implemented on the left and right boundaries. A total of 1000
sampling stations are equally distributed on the surface of the computational domain. Only
data in the middle 800 stations are used in the analyses throughout the study to eliminate any
possible influence of boundary condition on the left and right ends.

2.3. Validation of SEM Simulation Using a Uniform Ground

In this study, the amplification factor AF(f) is defined as the ratio of Fourier spectrum at the
surface and at the base. A Ricker wavelet is used as acceleration input in the simulation, and
uniform ground excitation is input at the base of the model, so the input motion is vertically
propagated plane wave. The Ricker wavelet has been frequently used to model seismic input,
and has been often used as a broad spectrum source in computational dynamics [Thompson
et al., 2009; Wang et al., 2017, 2018]. Figure 2a,b shows an example of the Ricker wavelet and
its frequency content. By choosing appropriate parameters, the wavelet contains sufficient
intensity at the first four resonance frequencies of the site.

First, the 2D SEM simulation is validated by conducting a site response analysis for
a uniform soil layer on a rigid base, where Vs = 200 m/s and H = 30 m. The amplification
of ground motion can be defined by the ratio of motion at the ground surface (z = 0) and
at the base (z = H). For an uniform damped soil on a rigid rock base, the amplification
factor (or transfer function), AF fð Þ, depends on the frequency of motions, shear wave
velocity of the soil and its thickness. The amplification factor can be theoretically deter-
mined by Eq. (5) [Kramer, 1996]:
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AF fð Þ ¼ u t; z ¼ 0ð Þ
u t; z ¼ Hð Þ
����

���� ¼ 1

cos ωH
Vs 1þi�ð Þ

��� ��� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos ωH
Vs

� 	h i2
þ �ωH

Vs

� 	2
r (5)

where u t; z ¼ 0ð Þ and u t; z ¼ Hð Þ denote the displacement amplitude at the surface and at
the base, ω ¼ 2πf denotes wave angular frequency, H represents the soil thickness, Vs

denotes shear wave velocity of the soil, � is the damping ratio.
Note Eq. (5) is applicable only for a uniform soil condition. The amplification factor AF(f)

is compared with the theoretical solution in Eq. (5). Figure 3a shows that the numerical results
are almost identical to the theoretical solution (� = 5%), where four resonance frequencies,
denoted as f1, f2, f3 and f4, are also identified. As illustrated in Fig. 3b, the first resonance occurs
when the frequency of input motion coincides with the natural frequency of soil column,
which is 1.67Hz in this case. Note that f1, f2, f3 and f4 correspond to a wavelength of 120, 40, 24
and 17 m, respectively.

Figure 2. Time history and Fourier amplitude spectrum of the Ricker wavelet.
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Figure 3. (a) Computed and theoretical amplification factor of a uniform ground (� = 5%); (b) four
fundamental modes of a standing wave in the soil.
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3. Influence of Spatial Variability on Site Amplification

In this part, the effect of spatial variability in heterogeneous soils on 2D ground amplification is
investigated by varying standard deviation and horizontal/vertical correlation ranges of Vs

random fields. The shear-wave velocity follows a lognormal distribution with a mean of
200 m/s and standard deviations σ lnVs of 0.1, 0.2, 0.3 and 0.4 in the natural log scale. The
horizontal correlation ranges (Rh;Vs) are assumed as 100 m, while the vertical ranges (Rv;Vs

) are

assumed as 6 m, respectively. 5% soil damping is used throughout the paper. Figure 4 shows
realizations of amplification factors varying with the standard deviations σ lnVs, where the first
four resonance frequencies (f1, f2, f3, f4) of the uniform ground (Vs= 200m/s) are indicated by the
dashed lines as the reference resonance frequencies. It is alsoworth noting that the amplifications
at high resonance frequencies shift in the frequency domain with increasing σlnVs, which
indicates that ground response of waves with a short wavelength (corresponding to high
resonance frequency) is more influenced by the soil heterogeneity. In the meantime, spatial
distribution of the amplification factor becomes highly variable with increasing soil
heterogeneity, and the resonance frequencies even become not obvious at such cases.

Figure 5 shows the frequency-domain distribution of the amplification factors for the
heterogeneous soil fields with different σlnVs. Note that the grey band represents distribution
of the amplification factors at each monitoring point, with their mean value (in solid line)

Figure 4. Spatial distribution of amplification factors for spatially correlated random fields with
Rh;Vs ¼ 100m, Rv;Vs ¼ 6m, and (a) σln Vs = 0.1, (b) σln Vs = 0.2, (c) σln Vs = 0.3, (d) σln Vs = 0.4.
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compared with the theoretical amplification of a uniform profile (in dashed line). When
σlnVs is relative small (0.1), ground amplifications in the heterogeneous soil yield similar
results to that in the uniform soil profile, as demonstrated in Fig. 5a. Figure 5e shows that
increase in σ lnVs reduces the mean amplification factors at the reference resonance frequen-
cies due to wave scattering, reflection and deflection in the heterogeneous soil. Reduction in
amplification seems to be more significant at high frequencies, because the wave length at
high frequencies becomes comparable to the dimension of spatial variation. On the other
hand, the influence of σlnVs on coefficients of variations (COV) of amplification factors are

(a) (b)

(c)

(e)

lnVsσ =0.1 lnVsσ =0.2

(f)

lnVsσ =0.3

Mean curve

lnVsσ =0.4

(d)

Figure 5. Variability of amplification factors for spatially correlated random fields with Rh;Vs ¼ 100m,
Rv;Vs ¼ 6m, and (a) σln Vs ¼ 0:1, (b) σln Vs ¼ 0:2, (c) σln Vs ¼ 0:3 and (d) σln Vs ¼ 0:4 as well as (e) the
mean curve and (f) coefficient of variation (COV) of the amplification factor in the frequency domain.
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presented in Fig. 5f. For σ lnVs ¼ 0:1, the COV varies in the range of 0.1–0.2 with a larger
COV of around 0.2 occurring at the resonance frequencies. As σlnVs becomes larger, more
scatter is observed in the amplification factors

As is demonstrated in Fig. 1, the spatial correlation of shear-wave velocity affects the
distribution ofVs field. Therefore, it is important to investigate the seismic ground amplification
for randomized Vs fields with different variations and spatial correlations. Figure 6 summarizes
amplifications for all 16 cases with horizontal spatial correlation ranges Rh;Vs

= 6, 20, 50 and
100 m, and standard deviations σlnVs ¼ 0:1, 0.2, 0.3 and 0.4. First, when Vs fields have small
variation (i.e. σlnVs = 0.1), sites for different spatial correlation ranges yield almost identical
mean amplification factors, indicating that the influence of spatial correlation on ground
response is marginal. Meanwhile, the COVs of ground amplification factors, as shown in the
Fig. 6b, fall in the range of 0.05–0.2. On the other hand, when σlnVs becomes larger, the effect of
spatial correlation becomes more pronounced. For example, for the case σ lnVs ¼ 0:4, the COV
of ground amplifications varies from 0.22 to 0.7 at the first resonance frequency, indicating that
ground amplification is strongly influenced by horizontal correlation of the site. In general, the
amplification is more scattered if Rh;Vs

is larger. That is because for a smaller Rh;Vs
, the soil

profile is more “statistically” uniform, while a larger Rh;Vs
corresponds to a more horizontally

layered Vs field that is “statistically” nonuniform, as demonstrated in Fig. 1.
Figure 7 presents amplifications for 12 cases with σlnVs ¼ 0:1, 0.2, 0.3 and 0.4, and the

vertical spatial correlation ranges Rv;Vs
equals 2, 6, 10 m. In general, increasing the vertical

spatial correlation will increase the COV of ground amplification, but the effect is less
significant as compared with the previous cases of horizontal spatial correlation. It can be
also observed from Fig. 7a,c,e,g that the mean amplification curves are quite consistent for
different vertical correlated Vs fields.

4. Spatial Correlation of Ground-motion Amplification

Distribution of spatial correlations of ground-motion amplification over the entire fre-
quency range is studied in this section. Figure 8 illustrates the spatial distribution of
amplification factors at the first four resonance frequencies with different horizontal
correlation of shear wave velocity Rh;Vs

.
Geostatistics analysis is performed to study the spatial correlation of the amplification factors.

The semivariogram in the exponential form of Eq. (2) is used to fit the amplification factor
distribution by a weighted least square method. Figure 9 illustrates the fitted semivariograms
~γ hð Þ versus the separation distance h for an amplification frequency range of 0–15 Hz. By
definition, the correlation range of the amplification factors, RAF , can be determined as the
separation distance where ~γ hð Þ reaches 95% of its ultimate value. As shown in Figs. 9 and 10a,b,
the contour line of RAF is drawn over the amplification frequencies, representing propagation of
spatial variability in the soil media to that in the ground amplification.

Figure 9 illustrates RAF on a spatially correlated Vs field with Rh;Vs
= 20 m and Rv;Vs

= 6 m.
Figure 10a,b illustrates RAF on a spatially correlatedVs field with Rh;Vs

= 50m and Rv;Vs
= 6m.

Figure 10c summarizes its relationship between RAF and Rh;Vs
. First, it can be observed that

RAF increases with Rh;Vs
at all frequencies. RAF around the 1st resonance frequencies (f1)

ranges from 160–260 m, and RAF around the 2nd resonance frequencies (f2) ranges from
60–200 m. They are all much larger than the specified Rh;Vs

values. For RAF at higher
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resonance frequencies (f3, f4), RAF versus Rh;Vs
data are in general around the 1:1 trend line,

indicating that the spatial correlation of ground amplification at these high resonance
frequencies approximately equals to the specified spatial correlation of the soil medium. For
all cases, it also seems that the correlation range is not particularly affected by variation of Vs,
when σ lnVs varies from 0.1, 0.2, 0.3 to 0.4.

Figure 6. (a)(c)(e)(g) Mean and (b)(d)(f)(h) COVs of amplification factors for Vs fields with different
horizontal correlations Rh;Vs and standard deviations σln Vs (Rv;Vs ¼ 6m for all cases).

JOURNAL OF EARTHQUAKE ENGINEERING 9



5. Conclusions

In this paper, extensive parametric studies have been conducted to quantify variability of
the seismic amplification of viscoelastic ground with spatially varying shear wave velocity.
The numerical simulation is based on 2D SEM, which adopts a pseudo-spectral approach

Figure 7. (a)(c)(e)(g) Mean and (b)(d)(f)(h) COVs of amplification factors for Vs fields with different
vertical correlations Rv;Vs and standard deviations σln Vs (Rh;Vs = 100m for all cases).

10 D. HUANG ET AL.



Fi
gu

re
8.

Sp
at
ia
ld

is
tr
ib
ut
io
n
of

am
pl
ifi
ca
tio

n
fa
ct
or
s
at

th
e
fi
rs
t
fo
ur

re
so
na
nc
e
fr
eq
ue
nc
ie
s
w
ith

di
ff
er
en
t
R h

; V
s
(R

v;
V s
=
6
m

an
d
σ l
n
Vs
=
0.
2
fo
r
al
lc
as
es
).

JOURNAL OF EARTHQUAKE ENGINEERING 11



to achieve high accuracy in modeling wave propagation. By varying the variance and
spatial correlation of the shear wave velocity in both horizontal and vertical directions, soil
sites with different levels of heterogeneity are modelled.

The 2D simulation results indicate that with increase in the standard deviation of shear
wave velocity field, σ lnVs, the peak values of the mean amplification factors at resonance
frequencies are subdued due to wave scatter, reflection and deflection in the heteroge-
neous soil. Numerical simulations also demonstrate that COVs of amplification factors at
resonance frequencies are slightly larger than the prescribed σ lnVs for the special case of
Rh;Vs

= 100 m, Rv;Vs
= 6 m (Fig. 5). If Rh;Vs

reduces to 50, 20 and 6 m, the site becomes less

horizontally structured. The COVs of the amplification factors reduces significantly,
particularly at the first three resonance frequencies (Fig. 6). On the other hand, reducing
the spatial correlation of Vs in the vertical direction, Rv;Vs

, from 10 to 2 m can also reduce

the COVs of the amplification factors but in a less significant manner (Fig. 7). Note that
the wavelengths corresponding to the first four resonance frequencies are 120, 40, 24 and
17 m, respectively. The analyses demonstrated that both of the length scales of the
heterogeneity and the wave should be considered simultaneously when quantifying the
variability of the seismic ground amplification.

Spatial correlations of ground-motion amplification over the entire frequency range are
also investigated in this study. The spatial correlation ranges of ground amplification at the

Figure 9. Semivariogram of the amplification factors over the frequency domain and contour lines for
its horizontal correlation range RAF (Note Rh;Vs = 20m, Rv;Vs = 6m for all cases, σln Vs = 0.1, 0.2, 0.3, 0.4).
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first two resonance frequencies (f1, f2) are substantially larger than the specified Rh;Vs
, while

the correlation ranges at high resonance frequencies (f3, f4) are similar to the prescribed Rh;Vs
.

Numerical results indicate that amplification of low frequency component (which is asso-
ciated with a longer wavelength) would have a longer spatial correlation than that of the high
frequency component, indicating the fact that propagation of variability on ground-motion
amplification is frequency dependent. Yet, further research is still much needed to study the
interplay of these various length scales, in order to improve scientific understanding of
propagation of variability in seismic amplification of heterogeneous soils.
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