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Abstract Understanding the evolution of microstructure in
granular soils can provide significant insights into consti-
tutive modeling of soil liquefaction. In this study, micro-
mechanical perspectives of the liquefaction process are
investigated using the Discrete Element simulation. It is
observed that during various stages of undrained cyclic load-
ing, the soil exhibits definitive change in the load-bearing
structure, indicated by evolution of the coordination num-
ber and non-affine displacements. A new particle-void fabric,
termed as “centroid distance”, is also proposed to quantify the
evolution of particles and voids distribution in the granular
packing. The fabric index is found to have strong correla-
tion with cyclic mobility and post-liquefaction deformation
of granular soils. Evolution of the fabric index indicates that
particles and voids redistribute irreversibly before and after
liquefaction. A highly anisotropic particle-void structure and
loading-bearing capacity can be formed in the post liquefac-
tion stage.

Keywords Cyclic mobility · Post-liquefaction · DEM ·
Microstructure evolution

1 Introduction

Understanding the fundamental mechanism of soil liquefac-
tion is one of the major challenges in geotechnical earthquake
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engineering and soil dynamics. In general, liquefaction refers
to a range of phenomena related to the increase of pore
water pressure in a saturated or nearly saturated soil under
cyclic loading, including flow liquefaction and cyclic mobil-
ity [13]. Flow liquefaction often occurs in a very loose soil,
characterized by a sudden loss of its strength and stiffness.
Subsequently, the soil will develop uncontrolled large defor-
mation and a flow-type failure [12]. On the other hand,
cyclic mobility may occur in almost all types of granular
soils including dense sands. It is characterized by progressive
reduction in effective stress and progressive accumulation of
limited shear deformation [3].

Both flow liquefaction and cyclic mobility have caused
severe damage to civil structures during the past earthquakes.
Case histories learnt from significant earthquakes in recent
40 years have led to many important advances in developing
empirical or semi-empirical procedures to assess potentials
and the consequences of liquefaction [10,11,22,36]. Many
laboratory tests have been conducted to assess the initiation
of liquefaction in sandy, silty and gravelly soils, as well as
the influence of various factors on the liquefaction potential,
including the initial density, fine content, cyclic stress ratio
(CSR), confining pressure and initial static stress etc. (e.g.,
[2,21,30,33]). However, most laboratory investigations can
only measure the overall macroscopic behaviors of the soil.
It is difficult to interpret the microscopic behaviors of the soil
response from the test results. Advanced constitutive models
have also been developed to describe the macroscopic stress–
strain responses of liquefiable soils (e.g., [5,6,31,32,34,38]).
However, all these models are phenomenological in nature,
involving a variety of hypotheses and quantities that may not
be physically measurable. The microstructure information of
the soil has not yet been well incorporated in these models.

In recent years, Discrete Element Method (DEM) has been
widely used to study the micromechanical behaviors of gran-
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ular soils (e.g. [17]). In micromechanics, soil “fabric” is an
all-encompassing term used to describe the arrangement of
particles, particle groups and void spaces etc. in the soil [14,
15,24,25]. The microstructure of a granular assemblage can
be manifested by a variety of fabric indices, such as the num-
bers of contacts, orientation of contact normal, orientation of
branch vector, as well as orientation of particles and voids etc.

DEM simulation can be conveniently used to examine
particle-by-particle response as well as evolution of the soil
structure and fabric that cannot be directly observed from
conventional laboratory tests (e.g. [8,9,18,19,28]). However,
most of the previous studies focus on non-liquefiable soils
under monotonic loading. In contrast, DEM studies on the
cyclic liquefaction have been quite limited. Among a few
examples, Ng and Dobry [16] verified the capability of DEM
in capturing the cyclic liquefaction phenomenon in granular
soils. The influence of particle shape on liquefaction initi-
ation was evaluated by Ashmawy et al. [1]. Sitharam et al.
[26] also investigated the evolution of internal variables dur-
ing post-liquefaction under undrained monotonic loading.

It is worth pointing out that most previous micromechan-
ical investigations are based on the information of particle
contacts and inter-particle forces. These micro information
can be homogenized to formulate a variety of fabric ten-
sors to describe the macro properties of the assemblage. For
example, the well-known “fabric tensor” by Satake [20] and
Rothenburg and Bathurst [19] is constructed using normal
vectors of inter-particle contact to characterize the load-
bearing structure of the soil [9,37]. Fabric quantification of
liquefied soils is in particular challenging because most fab-
ric tensors are defined on contacts while liquefaction is a state
that soil loses nearly all contact points. For this purpose, a
new fabric index termed as the “centroid distance” Dc, is
developed in this paper to describe the particle-void arrange-
ment. The microstructure evolution of the granular packing
in the cyclic mobility and post-liquefaction process will be
studied using the new index. The micromechanical study can
provide significant insight into a deeper understanding of the
fundamental mechanisms of soil liquefaction.

2 Discrete element simulation of cyclic liquefaction

In this study, an open source DEM code, Yade [27], is used
to conduct numerical simulations of granular soils under
undrained cyclic simple-shear tests. First, a total of 4000
disk-shaped (2D) particles are randomly generated within a
30×30 mm representative volume element (RVE). The radius
of particles ranges from 0.15 to 0.45 mm and the mean radius
R50 is 0.3 mm. Periodic boundary is prescribed on this RVE to
eliminate the non-uniformity induced by the boundary. After
the particles were generated, the packing was isotropically
consolidated under an initial confining pressure of 100 kPa.

Fig. 1 Particle configuration of a granular packing

Packings with different void ratios can be obtained by speci-
fying different inter-particle frictional coefficients during the
consolidation stage. Figure 1 shows the particle configura-
tion with a void ratio of 0.228. Young’s modulus of 70 GPa,
Poisson’s ratio of 0.3 and frictional coefficient of 0.5 are
assigned to all the particles. These values are similar to those
frequently used in previous DEM simulations of quartz sands
(e.g. [26,28]). A nonlinear Hertz-Mindlin model is used to
describe the particle contact behaviors in loading and unload-
ing. Unless it is stated otherwise, all analyses presented in
this paper are based on simulations using this packing.

In the DEM simulation, a constant shear strain rate of
0.01/s was applied in order to ensure a quasi-static condi-
tion. During the DEM simulation, the volume of RVE is kept
unchanged to ensure an undrained condition. Although water
is not explicitly modelled, the pore water pressure is deter-
mined by the difference between the vertical total stress and
the vertical effective stress, while the latter is derived from
inter-particle contact forces [4,19]. Figure 2a shows the shear
stress (τ ) and shear strain (γ ) relationship from the DEM sim-
ulation. The simulation represents a cyclic simple-shear test
under a constant cyclic stress ratio (CSR) of 0.2. Figure 2b
shows the evolution of shear stress (τ ) with the effective
vertical normal stress (σ ′

v). After 16 loading cycles, the soil
reaches zero effective stress, i.e., the state of “initial lique-
faction” [21]. The simulation result is qualitatively similar
to laboratory tests of a medium dense sand. Typical cyclic
behaviors can be observed from the DEM simulation, such
as gradual decrease of effective vertical stress after each load
cycle to the initial liquefaction, accumulation of shear strain,
and phase transform from a contractive to dilative volumetric
response in each loading cycle.
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It is also interesting to observe different deformation pat-
terns of the soil before and after liquefaction. Before the
initial liquefaction, γmax, the maximum double-amplitude
shear strain induced in each loading cycle slowly increases
to about 2 % towards the initial liquefaction (cycle No. 16).
Post-liquefaction deformation occurs afterwards, where γmax

increases dramatically from cycle No. 17 to 25. The increas-
ing rate of γmax is reduced after 25 cycles, until the maximum
shear strain ceases to increase under further repeated load-
ing. This phenomenon will be revisited and explained in the
later part of this paper.

3 Load-bearing structure of the granular packing
in liquefaction

3.1 Evolution of the coordination number

The effective stress in the granular packing is transmit-
ted through particle contacts. The condition number is a
good indicator of the micromechanical load-bearing struc-
ture since it represents an average number of contacts for
each particle, defined as Z = 2Nc/Np (where Nc is the
total number of contacts and Np is the total number of par-
ticles). Figure 3 shows the evolution of Z during the cyclic
loading process. The coordination number initially progres-
sively decreases from about 3.1 to about 2.3 in the first 16
cycles, but then begins a pattern of alternating between incre-
mentally decreasing and incrementally increasing. The cyclic
variation in the contact number is qualitatively similar to the
cyclic variation in the effective stress, and shows similar but-
terfly shaped loops in Fig. 2b after the initial liquefaction is
triggered.

To have a better understanding of the post-liquefaction
soil behaviors, we highlight the stress–strain relationship,
stress path and evolution of the coordination number in

Fig. 3 Coordination number and shear strain relation

load cycle No. 18 in Fig. 4. The complete loading cycle
is labeled using 0-1-2-3-4-5-6-7 sequentially. Following
unloading from point 2, the post-liquefaction shear deforma-
tion can be decomposed into a “flow stage” (γ0), as illustrated
from point 3 to point 4 in Fig. 4, and a “hardening stage” (γd ),
which is the strain from point 4 to point 5 in Fig. 4. Note that
γ0 occurs at “zero” effective confining stress state, and γd
occurs during non-zero effective confining stress [23]. Since
a true zero effective confining stress is not achieved in both
numerical simulations and experimental tests, the packing is
regarded as in the ‘flow stage’ when effective confining stress
is below 0.5 kPa (that is equivalent to a shear stress smaller
than 0.2 kPa). The flow stage was followed by the hardening
stage (point 1 to 2, and point 4 to 5) when the shear stress
starts growing substantially to about 20 kPa.

As is shown in Fig. 4c, the number of contacts established
at the end of the flow stage (i.e., point 1 and 4) is about 84 %
of the number established at the peak stress point (i.e., point 2
and 5). The coordination number increases from 2 to 2.4 dur-
ing the hardening stage (point 1 to 2, and point 4 to 5). These
contacts form a load-bearing structure that permits stress to

(a) (b)

Fig. 2 DEM simulation of a granular packing in undrained cyclic loading: a shear stress and shear strain relation, b shear stress and effective
vertical stress relation
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(a) (b)

(c)

Fig. 4 a Stress–strain relation, b stress path and c evolution of coordination number in post-liquefaction (loading cycle No. 18)

increase during further shear deformation. Another interest-
ing observation from Fig. 4c is that the minimum value of the
coordination number is achieved immediately upon unload-
ing (from point 2 to 3, and from point 5 to 6), where the
coordination number decreases dramatically to 0.1. It implies
that the load-bearing structure is completely destroyed upon
unloading. The phenomenon will be further explained using
a new particle-void fabric in the later sessions.

Transition from the flow stage to the hardening stage
requires a certain number of particle contacts to form a stable
load-bearing structure. As is shown in Fig. 4c, the transi-
tion point (point 4) corresponds to a threshold coordination
number (Z) of around 2 in the case studied. Figure 5 further
illustrates the relationship between the coordination number
and the shear stress in all loading cycles before and after
liquefaction. When Z is below the threshold, the packing is
under the flow stage and the sample can only sustain a very
minimum shear stress. It is to be noted a repeated pattern of
the coordination number develops immediately after the ini-
tial liquefaction, which is mainly reflective of the repeated
effective stress pattern during the post-liquefaction cycles.
Yet, the coordination number cannot be used to explain why
the mobilized strain continues to accumulate with increas-
ing number of loading cycles. In the later sections, we will
explain that it is mainly due to continuous evolution of the
internal particle-void structure in the post-liquefaction stage.

Fig. 5 Relation between coordination number and shear stress

It should be also noted that the coordination number is a
scalar quantity that can only provide an averaged measure
of contacts. The inter-particle contact is actually distributed
anisotropically, in response to the anisotropic stress field. For
a 2D packing, rose diagram is used to visualize the angular
distribution of the coordination number as shown in Fig. 6,
where the radial length of the diagram represents the coordi-
nation number in a certain direction:

z(θ) =
(

2π

�θ

) [
2Nc(θ)

Np

]
(1)

123



Microstructure evolution of granular soils in cyclic mobility and post-liquefaction process Page 5 of 13  51 

3n1n

Fig. 6 Angular distribution z(θ) of the coordination number in post-
liquefaction (loading cycle No. 18)

where Nc(θ) is the number of contacts whose orientation
is within an angle bin [θ − �θ/2, θ + �θ/2], Np is the
total number of particles. Note that the coordination number
Z = 1

2π

∫ 2π

0 z(θ)dθ . Figure 6 compares the angular distrib-
ution z(θ) at the flow stage (point 0 in Fig. 4a), the hardening
stage (point 2) and an unloading point (point 3) in cycle No.
18. The coordination numbers z(θ) have similar angular dis-
tribution at point 0 and 2. A maximum number of contacts
are formed in the direction of compression (n1) and a mini-
mum number of contacts in the direction of extension (n3).
This corresponds to the formation of a strong force chain and
a weak force chain in two orthogonal directions. Although a
majority of compressive force is carried by the strong force
chain, the weak force chain is required to prevent instabil-
ity of the strong force chain. However, immediately upon
unloading (from point 2 to point 3), almost all inter-particle
contacts are destroyed in all directions. The granular assem-
blage immediately loses its loading-bearing structure and is
reduced to a fully liquefied state.

3.2 Evolution of the non-affine displacement field

Although the coordination number is a good indicator to
quantify the overall load-bearing structure of the granular
packing, it cannot explain how particles are re-arranged
to form such a structure. The post-liquefaction particle
movement can be further demonstrated using the non-affine
displacement [7].

First, the affine displacement is defined as the displace-
ment field prescribed by a uniform global strain field. In
this study, we use the displacement increment to highlight
the change of the displacement field between each load-
ing stage. Denoting the center position vector of a particle
i as x(i)

n and x(i)
n+1 when the global strain is εn and εn+1,

respectively, the incremental total displacement of particle
i is �u(i) = x(i)

n+1 − x(i)
n . The incremental affine displace-

ment of the particle is defined as �u(i)
0 = �ε · x(i)

n , where
(·) denotes the inner product of two vectors, �ε is the global
strain increment (�ε = εn+1 − εn).

Second, the non-affine displacement is calculated by sub-
tracting the affine displacement from the total displacement
of the particle. The non-affine displacement can be regarded
as the disturbance displacement over a comparison displace-
ment that is associated with a uniform strain field at the
particle location. The incremental non-affine displacement
of particle i is defined as:

δu(i) = �u(i) − �u(i)
0 (2)

To investigate evolution of non-affine displacement field
during the post-liquefaction loading stage, shear strain in
load cycle No. 18 is divided into five intervals with a strain
increment �γ = 0.59 %, as shown in Fig. 7a. The first two
strain increments are the flowing stage and the last two strain
increments are the hardening stage. The 3rd interval is a tran-
sitional stage when the stress just starts to grow. Figure 7b,
c show the non-affine displacement field in the first and the
last strain increment. Scales for the sample dimension and
the magnitude of the vector field are also shown in the plots.
Note that two vector fields are scaled differently in Fig. 7b,
c so the pattern can be visually compared.

It can be observed that during the beginning of the flow
stage, the non-affine displacement field is quite random in
Fig. 7b. It is because particles are dispersed with few local
contacts. Therefore, particle movement is not restricted by
its surrounding particles. However, continued shear defor-
mation will organize some particles to form bigger clusters.
Relative displacement between particles in the cluster is
restricted. Adjustment of relative positions mainly occurs
between these clusters. Therefore, many distinctive “flow
bands” and “vortices” can be observed in the hardening
stage in Fig. 7c. Particles within the flow bands will nor-
mally have similar velocity with that of its surrounding
particles.

We use the following correlation function to quantitatively
compare two vectors associated with particle i and j in terms
of both magnitude and direction of these vectors:

ρ
(
δu(i), δu( j)

)
= 2δu(i) · δu( j)∣∣δu(i)

∣∣2 + ∣∣δu( j)
∣∣2 (3)

Note that (·) denotes the inner product of two vectors, and
| | denotes the magnitude of a vector. Clearly, −1 ≤ ρ ≤ 1.
If two vectors have the same magnitude and direction, i.e.,
δu(i) = δu( j), ρ

(
δu(i), δu( j)

) = 1. A negative correlation
ρ

(
δu(i), δu( j)

) = −1 is achieved only if δu(i) = −δu( j). If
δu(i) is normal to δu( j), ρ

(
δu(i), δu( j)

) = 0.
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(a)

(b) (c)

Fig. 7 a Stress–strain curve and five strain increments in post-liquefaction loading cycle No. 18, b non-affine displacement field in 1st strain
increment, and c in 5th strain increment

Given a separation distance h, a pair of particles are
grouped if the center-to-center distance falls into a bin
bounded by B (h) = [

h − �h
2 , h + �h

2

]
, where �h is the

size of the distance bin, set as the summation of radius of the
pair of particles. The correlation function of the incremental
non-affine displacement vectors associated with the parti-
cle pair, ρ

(
δu(i), δu( j)

)
, is then calculated. Define Np(h) is

the total number of particle pairs fall into that distance bin
(
∣∣x(i) − x( j)

∣∣ ∈ B(h)), the spatial correlation of the incre-
mental non-affine displacement field is defined as follows:

C(h) = 1

Np(h)

∑
|x(i)−x( j)|∈B(h)

ρ
(
δu(i), δu( j)

)
(4)

Figure 8 shows the spatial correlation C(h) of the incre-
mental non-affine displacement field at each loading stage,

where the separation distance h is normalized by mean radius
R50 (=0.3 mm) of the particle packing. It is evident that the
spatial correlation decreases with increasing separation dis-
tance h. The correlation grows stronger from the flow stage
(�γ1,�γ2) to the hardening stage (�γ4,�γ5). At the load-
ing stage 1, C(h) becomes negligible (<0.1) at 5R50, while
at the stage 5, C(h) < 0.1 only at a separation distance of
20 R50.

4 Particle-void structure in liquefaction

4.1 The definition of Dc

As discussed before, the contact number reflects the load-
bearing structure in response to the applied stress field. It is
not sufficient to describe the internal arrangement of particles
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Fig. 8 Spatial correlation of the non-affine displacement field in each
strain increment

Fig. 9 Schematic illustration of the centroid distance

and voids within the packing. For a granular soil, the Voronoi
cell can be conveniently used to divide the void space around
each particle. As shown in Fig. 9, the Voronoi cell for particle
i is a convex polygon enclosed byC1−C2−C3−C4−C5. The
mass center of the Voronoi cell and the mass center of the
particle are denoted by vector Oi and Pi , respectively. The
centroid difference associated with particle i is defined as a
vector:

D(i)
c = Pi − Oi

R50
(5)

whose norm is defined as:

D(i)
c = |D(i)

c | (6)

where R50 is the mean particle radius of the granular pack-
ing. For each particle in the granular packing, its mobility
is restricted by its surrounding particle. Centroid difference
defined here is used to quantify the geometrical arrangement
between the particle and its surrounding void.

The centroid distance (Dc) of the entire packing can be
defined as the average of D(i)

c over all particles:

Dc = 1

Np

Np∑
i=1

D(i)
c (7)

where Np is the total number of particles.

4.2 Dc as a fabric index of particle-void distribution

To illustrate the evolution of particle-void distribution, snap-
shots at the start of cyclic loading (under a confining pressure
of 100 kPa) and after 50 loading cycles (under zero confin-
ing pressure) are demonstrated in Fig. 10. They correspond
to the same portion of the granular packing. Before cyclic
loading, the centroid distance of the packing Dc is 0.047.
Particles with D(i)

c > 2Dc are filled in grey color for easy
identification. Relatively large pores can be found surround-
ing these filled particles in Fig. 10a. Therefore, D(i)

c reflects
the distribution of the void space surrounding the particles.
Particles surrounded by relatively large pores usually have a
larger value of D(i)

c .
The presence of relatively large pores can be regarded

as source of inhomogeneity in the granular packing. Due
to friction between granular particles or complex particle
shape, local arching can be formed during the initial consoli-
dation, which preserves the large pores. However, the arching
structure is not cyclically stable and can be destroyed by the
cyclic loading. After 50 loading cycles, large pores diminish
as shown in Fig. 10b. Dc of the packing also decreases to
0.038. It is interesting to mention that Youd [35] once sug-
gested that the pore water pressure buildup of sands during
cyclic loading is due to the collapse of the looser and more
unstable arrays of particles within the sand. Our observation
of the particle-void redistribution corroborates Youd’s sug-
gestion.

The probability density function of Dc for the granu-
lar packing before and after cyclic loading is illustrated in
Fig. 11. The figure clearly shows that the proportion of large
Dc decreases during cyclic loading. Therefore, the net effect
of undrained cyclic loading is to redistribute these relatively
large pores, and cause Dc to decrease as a general trend. On
the other hand, large pores could be occupied by particles
and granular packing would be densified under drained cyclic
loading. In all these processes, large pores are redistributed
and the packing structure is more homogeneous in terms of
the particle-void distribution. This process is believed to be
irreversible.

4.3 Evolution of Dc and cyclic mobility

Figure 12 shows the evolution of Dc during 50 loading cycles.
Before the initial liquefaction, the change of Dc is very small.
Most rapid decrease in Dc is experienced from cycle No. 16-
25. Afterwards, Dc repeatedly increases and decreases within
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(a) (b)

Fig. 10 Particle-void distribution (only a 5×5 mm portion of the whole packing is shown), a before cyclic loading, Dc = 0.047; b after 50 loading
cycles, Dc = 0.038

Fig. 11 Probability density function of Dc before and after cyclic load-
ing

a loading cycle, with a net effect that Dc decreases at the end
of the cycle. However, the decreasing rate gradually slows
down. The evolution pattern of Dc is almost identical after
30 loading cycles.

Change in Dc can be regarded as a reflection of the pack-
ing structure adjustment (redistribution of relatively large
pores). Based on the evolution of Dc, it is possible to visual-
ize the microscopic behavior of the granular packing during
the stress-controlled cyclic loading. Within the first several
cycles, the soil has not reached the liquefaction stage. Very
little change in the particle-void structure can be observed in
the packing. However, even such a little change will cause
the mean effective stress to decrease cycle by cycle until the
initial liquefaction occurs. Adjustment of the microstructure
mainly happens within the post-liquefaction stage, especially
during the first several cycles after the initial liquefaction.

In a stress-controlled cyclic simple-shear test, the max-
imum double-amplitude shear strain (γmax) developed in

Fig. 12 Evolution Dc during 50 loading cycles

the soil continues to accumulate with increasing number of
loading cycles, which is regarded as the cyclic mobility (cf.
Fig. 2). Through the DEM simulation, we observed that the
cyclic mobility of the granular packing is strongly corre-
lated to the evolution of Dc. The relation between γmax and
Dc is demonstrated in Fig. 13, where Dc,min refers to the
minimum Dc value attained within a loading cycle. Inter-
estingly, significant change in Dc,min and γmax occurs from
cycle No. 16 (the initial liquefaction) to No. 25. When Dc,min

reaches to its lower-bound limit, γmax also stabilizes around a
constant value. The stress–strain curve of the soil is also stabi-
lized. The above observation proves that the post-liquefaction
deformation is closely related to the evolution of the particle-
void fabric.

4.4 Evolution of Dc with different CSRs and void ratios

Using the same packing as illustrated in Fig. 1 under the same
initial state (void ratio of 0.228, initial confining pressure p =
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Fig. 13 Relation between Dc,min and γmax

100 kPa), three different cyclic stress ratios (CSR=0.17,
0.20 and 0.25) are applied to the packing. The evolution of
Dc,min are demonstrated in Fig. 14a. Several features can be
readily observed from the simulations: (1) If a smaller CSR
is applied, more loading cycles are needed for the packing
to reach the initial liquefaction; (2) After initial liquefaction,
it takes about eight to ten loading cycles to reduce Dc,min

to the lower-bound limit in all simulations. The lower-bound
limit is not much affected by the CSRs.

The decreasing trend of Dc,min can also be observed
from all other DEM simulations we have conducted on
samples of different densities and different particle shapes.
Figure 14b demonstrates the influence of packing density.
All three samples are subjected to an initial confining pres-
sure p = 100 kPa and CSR=0.25. A denser sample (i.e.,
a smaller void ratio) has a smaller initial Dc,min value, and
Dc,min will reach a smaller lower-bound limit. From Fig. 14b,
we can also observe that a packing with higher density needs
more cycles to liquefy, which is consistent with laboratory
tests (e.g., [29]). It is also worth pointing out that although
it is not reported in details in this paper, a similar decreasing
trend of Dc,min can also be observed using elongated parti-
cles, implying that the trend is not affected by the particle
shape.

Since Dc is defined to quantify the particle-void fabric,
decrease in Dc,min implies redistribution and reduction of
relatively large pores to smaller pores during cyclic loading.
After each loading cycle, the packing is getting more homo-
geneous in terms of particle-void distribution. The existence
of the lower-bound limit of Dc implies that a stable state for
the particle-void arrangement can be achieved eventually, if
continued cyclic deformation is applied on the sample. The
stable state of particle-void fabric is related to sample den-
sity, but seems to be not affected by the loading magnitude
and stress path applied.

5 Anisotropic angular distribution of Dc

After initial liquefaction, the soil experiences flow deforma-
tion and then followed by strain hardening upon loading,
when the sample can sustain considerable shear load. How-
ever, after unloading, the soil immediately liquefies. Fig-
ure 15a illustrates the stress–strain relationship in the loading
cycle No. 46. Figure 15b shows considerable variation of
Dc during the loading, unloading and reloading process. In
these figures, point A denotes a fully liquefied state. Point B
and point C represent a hardening state during loading and
reloading.

Since Dc is a scalar quantity averaged over the whole
sample, it does not carry information regarding the spatial
distribution of the particle-void structure. In the following,
we define two variables to quantify the angular distribution
of vector Dc in terms of an averaged value and the relative
density. First, we define:

D̄c(θ) = 1

N (θ)

∑
dir(D(i)

c )∈B(θ)

D(i)
c (8)

where N (θ) is the number of Dc whose vector direction falls
into an angular bin defined byB(θ) = [θ−�θ/2, θ+�θ/2],

i.e., dir
(
D(i)
c

)
∈ B(θ). Note that Eq. (8) represents an aver-

(a) (b)

Fig. 14 a Evolution of Dc with different CSRs; b evolution of Dc with different void ratios
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(a) (b)

Fig. 15 a Stress–strain relationship, and b evolution of Dc in post-liquefaction (loading cycle No. 46)

(a) (b)

Fig. 16 The angular distribution N̄ (θ) and D̄c(θ) at the initial state of packing. Degrees of anisotropy for N̄ (θ) and D̄c(θ) are 0.039 and 0.027
respectively

aged centroid distance in an angular direction. Further, we
define:

N̄ (θ) = 2πN (θ)

Np�θ
(9)

where Np is the total number of particles in the packing.
Therefore, N̄ (θ) defines the relative number (density) of Dc

whose vector direction falls into bin B(θ). It is obvious that
if the relative density ofDc vector is isotropically distributed,
N̄ (θ) = 1.

The polar histograms in Figs. 16 and 17 (solid lines)
demonstrate the angular distribution of N̄ (θ) and D̄c(θ)

obtained from the sample at different loading stages. Note
the vertical axis shows the scale used to measure the magni-
tude of N̄ (θ) or D̄c(θ) in different orientations. The sample
distribution can be approximated by a simple, smooth func-
tion (dashed lines in Figs. 16, 17) using the following
procedure.

For the two-dimensional case, the sampled distribution
can be expanded by the Fourier series. Let X (θ) represents
either N̄ (θ) or D̄c(θ), it can be written as:

X (θ) = 1

2π

∫ 2π

0
X (θ)dθ +

+∞∑
n=1

cn cos n (θ − θn)

= a0 +
+∞∑
n=1

cn cos n (θ − θn) (10)

where a0 = 1
2π

∫ 2π

0 X (θ)dθ . If the periodicity of the distrib-
ution X (θ) = X (θ + π) is assumed, and higher order terms
are neglected (cf. Rothenburg and Bathurst [19]), the above
expansion can be approximated using only two Fourier terms
as:

X (θ) = a0 [1 + ac cos 2 (θ − θc)] (11)

where ac = c2
a0

, θc = θ2 can be readily obtained from Eq.
(10). Note that ac is a parameter defining the degree of
anisotropy of the angular distribution. ac = 0 represents the
isotropic distribution, i.e, a circle in the polar histogram. θc
defines the major principal direction of the anisotropy.

The polar histogram in Fig. 16 demonstrates the angu-
lar distribution of N̄ (θ) and D̄c(θ) at the initial state of the
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3n1n3n1n

(a)

(c)

(b)

(d)

Fig. 17 The angular distribution N̄ (θ) and D̄c(θ) at different states in
cycle No. 46: a, b a fully liquefied state at point A in Fig. 15. Degrees of
anisotropy for N̄ (θ) and D̄c(θ) are 0.041 and 0.040 respectively. c, d:

a hardening state at point B in Fig. 15. Degrees of anisotropy for N̄ (θ)

and D̄c(θ) are 0.227 and 0.117 respectively

packing (unliquefied). The dashed line in Fig. 16 is the fitted
curve using the Fourier form in Eq. (11). The magnitude of
anisotropy is so small that the angular distribution is nearly
isotropic.

During the post-liquefaction stage, the angular distrib-
ution of N̄ (θ) and D̄c(θ) varies within a loading cycle.
Referring to Fig. 15, Dc peaks up from a liquefied state A
(γ = 0 %) to a hardening state B (γ = 12.8 %). The angular
distribution of N̄ (θ) and D̄c(θ) at these states is demonstrated
in Fig. 17. At the fully liquefied state A in Fig. 17a, the angu-
lar distribution of N̄ (θ) and D̄c(θ)is almost isotropic, which
is similar to the unliquefied initial state (Fig. 16) except that
the magnitude of D̄c(θ) is smaller. At the hardening state B in
Fig. 17b, the angular distribution of N̄ (θ) and D̄c(θ)is highly
anisotropic with the major principal direction of anisotropy
in the direction of n3. Degrees of anisotropy for N̄ (θ) and
D̄c(θ) are 0.227 and 0.117 respectively.

Figure 18 visualizes the particle-void distribution and
force chain of the packing at point B. Most strong force chains
are located along compression direction n1 with relatively
large pores on either side. In the previous discussion, we

3n1n

Fig. 18 Particle configuration and force chain of the packing at state
B (only a 15 × 15 mm portion of the whole packing is shown)
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have mentioned that the initial relatively large pores would
be redistributed by cyclic loading. Similarly, shear deforma-
tion could also reorganize relatively large pores when the
packing is loaded from A to B. The reorganized large pores
are not distributed randomly. Rather, relative to a solid par-
ticle, large pores have higher possibility to be located along
n3 due to extension in that direction. As a result, dc(θ) is
highly anisotropic, with the maximum value attained in the
extension direction (n3), and minimum value in the com-
pression direction (n1), as shown in Fig. 17b. The anisotropic
particle-void fabric implies a highly anisotropic load-bearing
capability. Immediately upon unloading, the internal particle-
void fabric has not been changed. Large voids in n3 direction
have to be compressed first before a strong force chain
can be formed in that direction. Indeed, the packing will
immediately collapse to a fully liquefied state and experi-
ence flow deformation. Only through the flow deformation
can these relatively large pores be redistributed again, until
a new particle-void fabric is formed together with strong
force chains developed in n3 direction in the reloading
process.

6 Conclusions

In this paper, the micromechanical behavior of granular
materials in cyclic mobility and post-liquefaction stage is
investigated using DEM. The post-liquefaction stress–strain
behavior is characterized by a flow stage followed by a strain
hardening stage. In the flow stage, although the effective
stress is almost zero, a load-bearing structure is gradu-
ally formed. During the formation of such a load-bearing
structure, relative position adjustment of particles will be
concentrated between bigger clusters, as evidenced by the
non-affine displacement field. The distribution of coordi-
nation number can be used to represent the load-bearing
structure, which is highly anisotropy and is closely related
to the stress field. However, under repeated cyclic loading,
the coordination number ceases to evolve immediately after
the initial liquefaction. The loading-bearing structure in the
form of particle contact can be easily destroyed in the post-
liquefaction stage immediately upon unloading.

To represent the particles and voids distribution in the
assemblage, the difference between the particle center and
the Voronoi cell center is defined as “centroid distance” (Dc),
which is independent of the particle contact. Physically, Dc

reflects the spatial distribution of voids around the particles.
Particles with relatively large pores around have higher prob-
ability to have large value of Dc. The index is found to be
effective to characterize the change in the internal structure of
the granular packing even after liquefaction. Using Dc as an
indicator, the following microstructure evolution is observed
during undrained cyclic loading:

(a) The number of particles with a large value of Dc dereases
during undrained cyclic loading, reflecting redistribution
of relatively large pores before and after liquefaction. The
process is believed to be irreversible.

(b) It is observed that cyclic mobility and post-liquefaction
deformation of the granular packing is strongly correlated
to the evolution of Dc. The Dc of the packing decreases
with increasing number of cycles until it reaches a lower-
bound limit. Meanwhile, the mobilized maximum shear
strain also stops increasing and is stabilized around a
constant value.

(c) The lower-bound limit of Dc implies a stable state
of particle-void distribution can be achieved in post-
liquefaction. The limit is influenced by packing density,
but seems not be affected by cyclic stress ratio and load-
ing path that the soil takes to reach the limit.

(d) Highly anisotropic angular distribution of Dc is observed
during the post-liquefaction stage, implying a highly
anisotropic particle-void structure, and correspondingly,
highly anisotropic loading-bearing capability.

The micromechanical study provides significant insight to
understand the cyclic mobility and post-liquefaction process.
Although two-dimensional DEM simulations are conducted
in this study, similar behaviors would be expected in 3D sim-
ulations, which will be conducted in the future.
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