
Modified Bounding Surface Hypoplasticity Model for
Sands under Cyclic Loading

Gang Wang, M.ASCE1; and Yongning Xie2

Abstract: A modified bounding surface hypoplasticity model is developed to capture distinct dilatancy behaviors of loose and dense sandy
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Introduction

Realistic simulation of liquefaction in granular soils is one of the
major challenges in constitutive modeling of geomaterials. Follow-
ing the terminology introduced inKramer (1996), liquefaction refers
to a range of phenomena that can be divided into two main groups:
flow liquefaction and cyclic mobility. Under static or cyclic loading,
granular soils exhibit the tendency for densification, which causes an
increase in excess pore pressures and decrease in effective stresses
under a saturated and undrained condition. Flow liquefaction often
occurs in very loose sands when the shear stress is greater than the
shear strength of the liquefied soils. It is characterized by a sudden
loss of the soil strength and is often associated with large defor-
mations and a flow-type failure. The flow slide failure of the Lower
San Fernando Dam during the 1971 San Fernando Earthquake is
such an example. On the other hand, cyclicmobility occurs when the
cyclic shear stress is less than the shear strength of the liquefied soil.
Cyclic mobility can occur in a much broader range of soils and site
conditions than flow liquefaction. It is characterized by progressive
accumulation of shear deformations under cyclic loading and has
the potential to result in unacceptably large permanent displace-
ments. Both flow liquefaction and cyclic mobility can cause severe
damages to civil structures during earthquakes, including over-
turning of buildings on liquefied ground caused by loss of bearing
capacity, flow failure of earth structures, large lateral spreading of
the liquefied ground, and excessive postliquefaction settlements.

Significant progress has been made in the last 30 years to sim-
ulate the fundamental stress-strain-strength relationships of granular
soils under static and cyclic loading conditions (Prevost 1981;

Dafalias 1986; Wang et al. 1990; Pastor et al. 1990; Manzari and
Dafalias 1997; Zienkiewicz et al. 1999; Li 2002; Elgamal et al. 2003;
Yang et al. 2003; Park and Byrne 2004; Dafalias and Manzari
2004; Taiebat andDafalias 2008;Anandarajah 2008;Yin et al. 2010;
Yin and Chang 2013). Among them, the bounding surface model
by Wang et al. (1990) has been successfully developed to simulate
a fully nonlinear site response (Li et al. 1992, 1998; Arulanandan
et al. 2000; Wang et al. 2001) and earthquake-induced liquefaction
and deformation of earth structures (Wang andMakdisi 1999;Wang
et al. 2006). However, the original Wang et al. (1990) model suffers
several limitations. The model does not prescribe a zero dilatancy at
the limit of critical state. Therefore, it is not consistent with the
critical state theory and cannot properly characterize the stress-
strain-strength behaviors at the liquefied state. The original model
was developed using available test data on (liquefiable) loose sands.
Although it can simulate the cyclic response of loose sands rea-
sonably well, it cannot accurately capture the dilatancy behaviors
and the cyclic response of dense sands.

To overcome these difficulties, a modified bounding surface hy-
poplasticity model based on the original framework of Wang et al.
(1990) is developed in this study. As the volumetric dilatancy is
closely related to the pore pressure generation and effective stress
path under undrained cyclic loading, it is one of the key components
in constitutive modeling. This study proposes new modulus formula-
tions to describe the distinct dilatancy behaviors of loose and dense
sands during various phases of cyclic loading based on observation
from laboratory tests. The model also incorporates a state-dependent
dilatancy surface and considers the influence of accumulated plastic
strains on plastic moduli to improve the simulation of cyclic mobility
and postliquefaction behaviors. The detailed model formulation will
be presented in the following sections. Systematic comparison
between the model predictions and experimental test results will be
conducted to demonstrate the excellent model capabilities.

Modified Model Formulation

In this section, the modified bounding surface plasticity model is
presented. Throughout the paper, bold symbols indicate tensors or
vectors, and a superposed dot denotes the rate of a tensor. Tensor
operations follow the convention of summation over repeated in-
dexes, aÄ b5 aijbkl, a: b5 aijbji, and trðaÞ5 aii. Unless otherwise
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stated, all stress tensors refer to effective stress quantities. Sign
convention assumes that compressive strain and stress are positive.

Bounding Surface and Mapping Rules

FollowingWanget al. (1990), the effective stress rate is decomposed
as

_s ¼ p_rþ _ps
p
¼ p _rþ ðrþ IÞ _p (1)

where s 5 effective stress tensor; and p5 1=3trðsÞ 5 effective
mean stress. The deviatoric stress ratio tensor is defined as r5 s=p,
s5s2 pI is the deviatoric stress tensor, and I is the second-order
identity tensor. This decomposition resolves the stress rate into p _r
and _p, which is different from the classical _s5 _s1 _pI decomposition.

The stress ratio invariant, defined as R5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 r : r

p
, will be used

to define the following three bounding surfaces:
1. The failure surface, R2Rf 5 0, specifies the ultimate limit of

an admissible stress ratio invariantR. The value ofRf is related
to intrinsic properties of the soil (e.g., frictional angle), and it is
usually assumed to be a constant value.

2. The maximum prestress surface, R2Rm 5 0, defines the
maximum stress ratio that was experienced by the material.
Rm is a record of the maximum past history, and it will be
updated only if the current R exceeds this value.

3. The dilatancy surface, R2Rp 5 0, defines the location where
transformation from contractive to dilative behavior occurs.
These three bounding surfaces can be plotted in the p2 J
space (where J is an isotropic invariant, J5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=2 s : s

p
5 pR)

in Fig. 1(a). The failure surface and the maximum prestress

surface are shown as straight lines if Rf and Rm values are
given. On the other hand, the dilatancy line is a curved line in
the p2 J space. The dilatancy line is closely related to the
volumetric behaviors of granular soils, and it will be dis-
cussed in detail in the next section.

To simplify the presentation, the bounding surfaces assume
conical shapes in a three-dimensional principal stress space in Fig.
1(b). The bounding surfaces is circular when plotted in the stress
ratio space in Fig. 1(c). In this plot, the current stress state is repre-
sented by vector r. A projection center a is defined as the last stress
reversal point in reverse unloading or is set to the origin if the current
stress state exceeds the maximum prestress surface Rm in virgin
loading. An image stress point r is defined as the point projected on
theRm surface from the projection centera through the current stress
state point r. The class of bounding surface hypoplasticity models
usually postulates nonlinear stress-strain relationships through
smooth interpolation between the current stress point and the image
stress point. For this purpose, the scalar quantities r and r measure
the distances between a, r, and r, and their ratio r=r will be used in
the plastic modulus formulation to capture the nonlinear stress strain
behavior during the loading-unloading-reloading process. Under
a monotonic loading path, the projection center will remain at the
origin and r5 r. At the moment of cyclic unloading, the current
stress point coincides with the stress reverse point so that r5 0.

It is also worth mentioning that an increase in the mean effective
stress may induce volumetric plastic strain partially because of
particle crushing, which can be readily considered by introducing
a flat cap model or an enclosed yield surface as proposed in
Wang et al. (1990) and Taiebat and Dafalias (2008). However, the
pressure-induced plastic volumetric change can be neglected for
most practical purposes. It has been observed that themean effective

Fig. 1. Definition of bounding surfaces
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stress usually decreases during undrained cyclic loading. Besides,
the plastic volumetric strains are usually negligible under the range
of mean effective stress of engineering interest (Manzari and
Dafalias 1997; Li et al. 1999). In this paper, an open conical failure
surface is assumed for simplicity, as shown in Fig. 1(b).

Dilatancy Line

Under undrained cyclic loading, change in the effective stress is
associated with shear-induced volumetric dilative or contractive
tendency of the soil. The dilatancy line R2Rp 5 0 specifies the
locationwhere a contractive phase transforms to a dilative phase, and
it is one of the most critical components to describe the cyclic
behaviors of granular soils. If the stress state is on the dilatancy line
(R5Rp), the soil will exhibit zero volumetric dilatancy (i.e., no
volumetric change). As pointed out byManzari and Dafalias (1997),
a constant Rp will result in unrealistic nonzero dilation at failure.
They concluded that Rp must be a variable, and the dilatancy line
must pass through the critical state point to be consistent with the
critical state concept, which states that there is no volume change at
failure. One approach is to postulate that Rp is dependent on state
variables. The so-called state-dependent dilatancy (Li et al. 1999)
assumes that Rp follows the following relationship:

Rp ¼ Rf e
mc (2)

where c 5 state parameter defined as the difference between the
current void ratio e and the critical void ratio ec associated with the
current mean effective stress p, i.e., c5 e2 ec (Been and Jefferies
1985). Alternative state variables were also proposed for the same
purpose (Wang and Makdisi 1999; Wang et al. 2002). The critical
state line of Fraser River sand is illustrated in Fig. 2. The critical void
ratio ec is related to p through the following equation (Li and Wang
1998):

ec ¼ eG2 l

�
p
pa

�j
(3)

where eG, l, and j 5 critical state parameters that can be obtained
from undrained triaxial tests (Verdugo and Ishihara 1996). By

combining Eqs. (2) and (3), the dilatancy line can be mathematically
defined as

J ¼ pRf exp
n
m
h
e2 eG þ lðp=paÞj

io
(4)

Following Li andWang (1998), j5 0:7 is adopted in this study.
The concept of state-dependent dilatancy is consistent with the
critical state theory. When the soil approaches its critical state
(R→Rf ), the state parameter c approaches zero. Therefore, the
phase transformation point Rp coincides with the failure point Rf ,
prescribing a zero dilatancy at the critical state limit. Under un-
drained conditions, the void ratio remains constant. Therefore, the
dilatancy line is represented in Figs. 1 and 3 by a curve through the
critical state using Eq. (4).

The parameter m is a nonnegative model parameter. By exam-
ining the laboratory test data, a constant value cannot be assigned to
m to realistically represent the dilatancy lines of both loose and dense
samples. In Fig. 3, m5 4 and 1:2 is used for dense (Dr 5 80%) and
relatively loose (Dr 5 40%) samples, respectively. The soil is con-
tractive if its stress state is below the dilatancy line, and dilative if its
stress state is above the line. The dilatancy line starts from the origin
and curves up toward the critical state point (labeled as C1 and C2 in
Fig. 3) on the failure line. By comparison, the dilatancy line of the
loose sample is much closer to the failure line, indicating it is more
contractive than the dense sample. However, for the range of mean
effective stress of engineering interest (02300 kPa shown in the inset
of Fig. 3), the dilatancy line can be approximated by a straight line.
In this example, Rp=Rf is approximately 0.89 and 0.34 for loose and
dense samples, respectively.

Stress-Strain Relationship

The elastic strain can be decomposed into a deviatoric and a volu-
metric part. Accordingly, the elastic stress-strain relationship can be
written as

_ɛe ¼ _ee þ 1
3
ðtr_ɛeÞI ¼ 1

2G
_sþ 1

3
_pI ¼ 1

2G
p _rþ

�
1
2G

rþ 1
3K

I
�
_p

(5)

where G and K 5 elastic shear and bulk moduli, respectively.
Following the framework and basic formulations set forth by

Wang (1990) and Wang et al. (1990), the plastic strain increment is

Fig. 2. Definition of state parameter
Fig. 3.Dilatancy line (inset: F5 failure line; L5 loose sand dilatancy
line; D 5 dense sand dilatancy line)
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decomposed into two mechanisms associated with the stress com-
ponents p_r and _p

_ɛ p¼
�

1
Hr

nþ 1
3Kr

I
�
ðp_r : nÞ þ

�
1
Hp

rþ 1
3Kp

I
�
hðp2 pmÞh _pi (6)

whereHr andKr 5 plastic shear and bulkmoduli associated with the
deviatoric and volumetric plastic strains induced by p_r, respectively;
and Hp and Kp 5 corresponding plastic shear and bulk moduli
associated with _p, respectively. The n is a deviatoric unit tensor
specifying the direction of the deviatoric plastic strain rate, which is
defined as normal to the maximum prestress surface at the image
point r. The p_r : n is the so-called loading index, a scalar quantity
that controls the extent of the plastic strain rate. The heaviside step
function hð p2 pmÞ and the Macaulay brackets hi indicate the
plastic strain associated with _p operates only if the present p ex-
ceeds the past maximum mean effective stress, pm and increases
( _p. 0). It can be regarded as a cap model. As discussed previ-
ously, the second part in Eq. (6) can be neglected for most practical
purposes. Therefore, Eq. (6) can be simplified as

_ɛ p ¼
�

1
Hr

nþ 1
3Kr

I
�
ð p_r : nÞ (7)

The dilatancy of materials can be obtained as follows (Li et al.
1999):

d ¼ _ɛ pv
_ɛ pq

¼ _ɛ pvffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
_ep: _ep

r ¼
ffiffiffiffi
3
2

r
Hr

Kr
(8)

where _ɛ pv and _ɛ p
q 5 plastic volumetric strain rate and equivalent

plastic shear strain rate, respectively; and _ɛ p
q 5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2=3Þ _ep: _epp
, where

_ep 5 plastic deviatoric strain rate.
Combining Eqs. (5) and (7), the effective stress rate_s is related

to the strain rate _ɛ via an elastoplastic modulus Dep (Wang et al.
1990)

_s ¼ Dep: _ɛ (9)

where

Dep ¼ De2
pr ÄQp

ArBp2ApBr
(10)

and

De
ijkl ¼ Kdijdkl þ G

�
dikdjl þ dildjk 2

2
3
dijdkl

�
(11)

pr ¼ 2G
Hr

nþ K
Kr

I (12)

Qp ¼ Bpn2BrI (13)

Ar ¼ 1
2G

þ 1
Hr

; Ap ¼ 1
Kr

(14)

Br ¼ 1
2G

r : n; Bp ¼ 1
K

(15)

Detailed formulations for the elastic moduliG and K , and plastic
moduli Hr and Kr are presented in the next section.

Elastic and Plastic Moduli Formulation

Theelastic shear andbulkmoduliG andK are given by the following
empirical equations (Wang et al. 1990):

G ¼ paG0
ð2:9732 eÞ2

1þ e

�
p
pa

�1=2
(16)

K ¼ pa
1þ e
k

�
p
pa

�1=2
(17)

wherep5 current mean effective stress; pa 5 atmospheric pressure;
G0 5modulus coefficient related to the small-strain shear modulus;
e5 current void ratio; and k5 slope of an unloading-reloading path
of isotropic consolidation tests in e versus the 2

ffiffiffiffiffiffiffiffiffiffi
p=pa

p
plot (Li et al.

1999). The elastic shear and bulk moduli can also be related to
Poisson’s ratio n

K ¼ 2Gð1þ nÞ
3ð12 2nÞ (18)

Therefore, k and n are not independent variables. Combining
Eqs. (16)–(18) leads to the following relationship between k and n:

k ¼ 3ð12 2nÞ
2G0ð1þ nÞ

�
1þ e

2:9732 e

�2
(19)

The plastic moduli are related to the elastic moduli by introducing
additional terms to account for nonlinear behaviors. The plastic
shearmodulusHr is modified fromWang et al. (1990) and is defined
as follows:

Hr ¼ GhrCH
�
jq
�"Rf

Rm

�
r

r

�m9

2 1

#�
p
pm

�1=2
(20)

where

CH
�
jq
� ¼ 1

1þ ajq
; jq ¼

ðe p

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
de p: de p

r
(21)

m9 ¼ 2Rm=r (22)

where hr 5 dimensionless material constant. Some previous studies
also associate it with the void ratio (Li et al. 1999; Wang et al. 2002;
Dafalias and Manzari 2004). CHðjqÞ is incorporated to account for
the influence of accumulated deviatoric plastic strain, jq, on the
plastic modulus (de p is the deviatoric plastic strain increment).
Parametera is used to control the extent of the strain dependence. The
strain-dependent term is essential to effectively represent the cyclic
mobility (Wang and Dafalias 2002). Without the strain-dependent
term, a stabilized cyclic stress-strain curve will eventually be reached
under a repeated cyclic loading if the constitutivemodel is formulated
solely in the stress space. It is also noted that an additional pressure-
dependent term ðp=pmÞ1=2 is introduced in this study to strengthen the
influence of the mean effective stress on the plastic shear modulus.
The term can effectively improve the postliquefaction stress-strain
hysteresis behaviors. By comparison, modulus formulation without
this pressure term usually yields a much fatter cyclic stress-strain loop
and an overestimated hysteretic damping if a damping correction
scheme is not applied (Wang et al. 2008).
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The plastic bulk modulus Kr is formulated by modifying the
elastic bulk modulus K as follows:

Kr ¼ pa
1þ ein
wk

�
p
pa

�1=2
¼ K

w
(23)

The original formulation for w assumes the following form (Wang
et al. 1990):

w ¼

8><
>:

wm ¼ 1
kr9CðjÞ9

�
p
pm

�a9�
Rm

Rf

�b9�Rp2Rm

Rf 2Rm

�
, if R ¼ Rm

wr ¼ 1
CðjÞ9

�
Rm

Rf

�d9
, otherwise

(24)

whereCðjÞ9 5 strain-dependent term; and a9, b9, and d9 5 constant
parameters. This formulation distinguishes dilatancy behavior
during a virgin loading and reverse loading. In the virgin loading
(i.e.,R5Rm), the soil dilatancy is prescribed bywm such that dilation
occurs only if the dilatancy line is exceeded (Rm .Rp, andw5wm is
negative). During the subsequent reverse loading, a positive wr is
assumed, which always prescribes a contractive behavior. Addi-
tional dilation occurs only if the maximum prestress Rm is exceeded
and a negative w5wm is invoked.

It is worth pointing out that the previous postulate works rea-
sonably well for loose sands and cases with a higher dilatancy line
(e.g.,Rp . 0:75Rf ); however, it cannot be used to realistically simulate
the strong dilative behaviors of the dense sands. The operation of
the original formulation is schematically illustrated in Fig. 5. Fol-
lowing a cyclic stress path starting from Point (1), wm is used for
the virgin Loading Path (1) to (3). The soil is contractive from (1) to
(2) (i.e., wm . 0), followed by a dilative phase from (2) to (3)
(i.e.,wm , 0), andwm 5 0 at the phase Transformation Point (2). The
maximum prestress is set as Rð1Þ

m at the Stress Reversal Point (3).
Reverse loading from (3) to (5) is contractive because R,Rð1Þ

m and
wr . 0. The phase transformation point at (4) will be simply crossed
over with no occurrence of phase transformation. The actual phase
transformation from contractive to dilative behavior takes place at
Point (5), where the maximum prestress Rð1Þ

m is exceeded and
a negative wm is invoked. Similar behaviors can be observed in the
subsequent loading cycles, where phase transformation only occurs
at an updated maximum prestress point rather than the prescribed
phase transformation point. As the Rp line is close to the Rf line for
loose sands, the original formulation still works reasonably well for
this case. However, the original formulation fails to realistically
simulate the strong dilative behaviors of the dense sand as the phase
transformation cannot be effectively prescribed using the original
formulation.

Laboratory tests reveal that the dilatancy line of dense sands is
usually much lower (e.g., Rp 5 0:3Rf ) than loose sands, and it is not
significantly affected by virgin loading. In this study, a more general
formulation is proposed to describe the volumetric dilatancy for both
dense and loose sands as follows:

w¼

8><
>:

w1 ¼ 1
kr

�
Rm

Rf

�b� Rp2R

Rf 2Rm

�
, if R¼Rm or R.Rp, and _R. 0

w2 ¼ CKðjvÞ
�
Rm þ sign

�
_R
�
R

Rf

��
Rp 2 sign

�
_R
�
R

Rp þ Rm

�
, otherwise

(25)

and

CKðjvÞ ¼ d1 þ d2 tanhð100jvÞ (26)

jv ¼
ðɛ p
v

0

	
2dɛ pv



(27)

This formulation is based on the following postulates: (1) the
dilatancy line is not affected by virgin loading; (2) w1 is used for
the virgin loading (R5Rm and _R. 0), or whenRp is exceeded in the
reverse loading (R.Rp and _R. 0); and (3) for all other cases, the
soil always exhibits a contractive response, which is described byw2

(always a nonnegative value). The operation of w during various
phases of cyclic loading is illustrated in details in Fig. 4. Although
the general formulation is proposed for both dense and loose soil
samples, the operation is illustrated separately for each case for
clarity. Fig. 4(a) shows the cyclic stress path of a dense sand. The soil
is in the stage of virgin loading starting from (1) to (3), themaximum
prestress surface coincides with the current stress state, i.e., R5Rm

and _R. 0. Therefore, w5w1 is used, and it is a positive number
implying a contractive response. The dilatancy line is reached at
Point (2), w1 5 0. Beyond that point, w1 . 0, the soil transforms
from a contractive to a dilative response. The maximum prestress
Rm is updated to Rð1Þ

m at Point (3). The condition for w1 cannot be
satisfied when the soil experiences reverse loading from Point (3) to
Point (4). Therefore, w5w2 is used, and the soil is contractive
(w2 . 0). From Point (4) to Point (5), the condition of R.Rp and
_R. 0 is met, so w5w1 is invoked again and the soil is dilative
during this phase. Consequently, the maximum prestress Rm is
updated to Rð2Þ

m at Point (5). The remaining loading path follows the
same rules of operation as was described. As the effective stress
reduces, the stress path exhibits a distinctive butterfly pattern in the

Fig. 4. Effective stress paths of dense and loose sands

JOURNAL OF ENGINEERING MECHANICS © ASCE / JANUARY 2014 / 95

J. Eng. Mech. 2014.140:91-101.

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

H
on

g 
K

on
g 

U
ni

ve
rs

ity
 o

f 
Sc

ie
nc

e 
&

 T
ec

hn
ol

og
y 

on
 0

3/
24

/1
4.

 C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



p2 J space, as shown with thicker solid lines (loopA→B→C
→B→A) in Fig. 4(a). The stress path will essentially repeat the
butterfly loop under continued loading cycles. Fig. 4(b).shows
a representative cyclic stress path of a loose sand. For the loose
sample, the dilatancy line Rp is in general close to the failure line.
Before the stress path reaches the Rp line [Point (1) to Point (6)],
w5w1 is invoked when R5Rm (virgin loading), while w5w2 is
used whenR,Rm. The soil exhibits contractive behavior during the
process. When Rp is reached at Point (6), it follows the same rule as
was described for the dense case. From the previous description, it is
noted that w2 always assumes a nonnegative value and is used only
for the contractive phases. w1 is used for all dilative phases, but it
can also be used prescribe a contractive response if R5Rm (virgin
loading) and R,Rp. The term f½Rm 1 signð _RÞR�=Rf g in Eq. (25)
accounts for the influence of current stress state. It assumes a small
nonnegative value of ½ðRm 2RÞ=Rf � at the instance of unloading
( _R, 0) and increases to ½ðRm 1RpÞ=Rf � on the dilatancy line. The
termf½Rp 2 signð _RÞR�=ðRp 1RmÞg varies fromavalue of ½ðRp 1RÞ=
ðRp 1RmÞ# 1� at the point of unloading to 0 at the point R5Rp.

Experiments (Ishihara et al. 1975) and micromechanical analysis
(Nemat-Nasser and Tobita 1982) have revealed the effects of pre-
ceding dilative phases on the subsequent contractive phases. It was
observed that the soil would experience a stronger contractive re-
sponse following a dilative phase. This effect ismodeled in this study
by usingCkðjvÞ term in Eqs. (25) and (26), where parameter jv is the
plastic volumetric strain accumulated only during dilative phases.
For this purpose, the Macaulay bracket hi is used because a dilative
plastic volumetric strain rate is assumed to be negative in this study.
A simple functional form tanh is used in Eq. (26) to prescribe a
maximum value of the strain-dependent effect, as was suggested by
experimental data. In Eq. (26), d1 and d2 are model parameters
whose values may vary with soil densities. It is also worth men-
tioning that dilatancy formulations dependent on the accumulated
plastic volumetric strains have also been proposed in some previous
studies (Yang et al. 2003; Dafalias and Manzari 2004).

Model Simulations

The performance of the proposed model is demonstrated through
comparison with a series of cyclic simple shear tests on Fraser
River sand conducted at the University of British Columbia
(Sriskandakumar 2004). The test samples were prepared by the air
pluviation method and were densified to relative density (Dr) of 41,
44, 80, and 81% under applied pressues (p09) of 100 and 200 kPa,
respecively. Samples were then subjected to cyclic shear for a
range of cyclic stress ratios (CSRs5 0:1, 0:12, 0:3, and 0:35) under
constant volume conditions that simulate the undrained response.

Test data are also available on the following website: http://www
.civil.ubc.ca/liquefaction/.

Summary of Model Parameters and
Calibration Procedure

The model calibration and estimation procedure will be briefly dis-
cussed in this section. According to laboratory tests, Fraser River
sand assumes a maximum void ratio of 0.94 and a minimum void
ratio of 0.62. The grain size distribution is rather uniform, and the
median grain size is D50 5 0:26 mm.

The critical state parameters (eG, l, j) can be estimated based on
critical state test data provided by Chillarige et al. (1997). The
failure line Rf can be obtained directly by fitting the maximum
slope of the effective stress path in p2 J space. Alternatively, if
the critical friction angle ff is known, Rf 5M=

ffiffiffi
3

p
, where M

5 q=p5 ð6 sinff Þ=ð32 sinff Þ.
The parameter k is related to the elastic bulk modulus. k has the

same meaning as the swelling index defined in the consolidation
theory for clays, but it is difficult to measure by laboratory tests for
sands. Eq. (19) is then used to estimate the k value using a drained
Poisson’s ratio n5 020:1 [n5 0:05 is used in this study following
Dafalias and Manzari (2004)].

Fig. 5. Stress path using modulus formulation by Wang et al. (1990) Fig. 6. Controlling parameters of the effective stress paths
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The elastic shearmodulusGmax [denoted asG in Eq. (16)] can be
determined by the following equation:

Gmax ¼ rV2
s (28)

where r 5 soil density; and Vs 5 shear wave velocity. Substituting
Gmax into Eq. (16), G0 can be back-calculated given the void ratio
e and effective mean stress p. If the shear wave velocity is not
available, Gmax can be estimated by directly fitting the small-strain
shear modulus from the test data.

The parameter m in Eq. (4) controls the general shape of the
dilatancy line, which can be determined by fitting the phase trans-
formation points observed in the test data. Different m values may

need to be specified to model sands of different densities, as it was
found in this study that using a single value ofm is not appropriate for
both dense and loose sands (m5 4 and 1:2 are specified for Dr

5 80% and Dr 5 40%, respectively, in the following simulation).
This is not a serious limitation in modeling cyclic behaviors of sands
under undrained condition (i.e., the density remains constant), as is
often encountered in earthquake engineering simulation. Although
more thorough investigation is needed, it is recommended for practical
purposes to interpolate them value between different relative densities
or express m as a function of the state parameter c, for a general
boundary value problem where a significant change in soil density is
expected.

Because the total volumetric strain remains constant in undrained
tests, i.e., _ɛev 1 _ɛpv 5 0, the following equation can be obtained via the
stress-strain relationships [Eqs. (5) and (6)]:

1
Kr

p_r : n ¼ 2
_p
K

(29)

Substituting Kr 5K=w [Eq. (23)] into Eq. (29)

_p ¼ 2wð p _r : nÞ (30)

In an undrained triaxial or cyclic simple shear test, r, _r, and n are
coaxial. _r is always along n ; therefore, _r : n. 0. However, n and r
may be of the same or opposite direction, i.e., signð _r : rÞ5 signð _RÞ.

Fig. 7. Comparison of model simulation for Dr 5 81%, p09 5 200 kPa, CSR5 0:3

Table 1. Summary of Model Parameters

Critical
state

Phase
transformation

Elastic
moduli

Plastic shear
modulus

Plastic bulk
modulus

eG 5 1:029 m5 4 G0 5 208 hr 5 0:1 kr 5 0:3
l5 0:0404 (Dr 5 81%) n5 0:05 a5 1:5 b5 0:6
j5 0:7
M5 1:33

m5 1:2
(Dr 5 40%)

d1 5 4, d2 5 8
(Dr 5 81%)
d1 5 1:1, d2 5 40
(Dr 5 40%)
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Therefore, the slope of effective stress path in p2 J space, dJ=dp,
can be obtained as follows (Wang et al. 1990):

_p ¼ 2wp
� ffiffiffi

2
p ���� _R����� (31)

0 _p ¼ 2
h
sign

�
_R
� ffiffiffi

2
p

w
i�
J_2 _pR

�
(32)

0dJ
dp

¼ R2
sign

�
_R
�

ffiffiffi
2

p
w

(33)

Based on this expression, the slope of the effective stress path can
be uniquely determined byR and w. In fact, parameters kr, b, d1, and
d2 in Eq. (25) control different parts of the effective stress path as is
illustrated in Fig. 6. Accordingly, these parameters can be reason-
ably calibrated based on different parts of the effective stress path in
an undrained cyclic shear test. In particular, kr specifies the slope of
dilative stress path in the dense sample. For the loose sample, kr
specifies the amount of contraction in the stress path when the pre-
vious maximum stress ratio is exceeded. The parameters b and d1
control the slope of the effective stress path during the contractive
phase of the virgin loading and the subsequent loading cycles, re-
spectively. Parameter d2 controls the rate of progressive change in the
slope of the contractive stress path. Generally speaking, an increase in
d1 implies a more contractive response, i.e., a smaller slope of the

contractive stress path. An increase in d2 implies a faster rate of
increase in contraction through repeated cycles.

Parameter hr in Eq. (20) is related to the plastic shear modulus,
and it affects the nonlinear shear stress-strain relationship of the soil.
hr can be calibrated against a given shear modulus reduction curve,
which shows the reduction of the secant shear modulus (normalized
by the elastic shear modulus) versus the strain amplitude for each
loading cycle. The modulus reduction curve has been widely used
to characterize the equivalent nonlinearity of the soil in a dynamic
analysis.

Parameter a in Eq. (21) is mainly used to control the rate of the
progressive accumulation of shear strains in cyclic mobility. The
number of loading cycles needed to reach a large strain level (e.g.,
5%) can be used to determine the a value. Generally, a smaller a
value should be specified if a large number of loading cycles is
needed to reach a specified strain level. The calibrated parameters for
Fraser River sand are summarized in Table 1. These values should be
considered as typical values and should bewell served as the starting
point to calibrate other types of sands. Different values of the dilation
parameter m and plastic bulk modulus parameters d1 and d2 are
assigned for loose and dense samples based on the test data. Al-
though further investigation is needed to study the dependency of
these parameters on soil’s density, it is suggested that for practical
purposes these parameters can be linearly interpolated for other
densities.

Fig. 8. Comparison of model simulation for Dr 5 80%, p09 5 100 kPa, CSR5 0:35
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Comparison of Model Simulations

A series of undrained cyclic simple shear tests on Fraser River sand
are simulated using the modified bounding surface model. Figs. 7–10
compare the effective stress path, stress-strain response, and excessive
pore pressure ratio of the test results and model simulations.

During thefirst a few loading cycles in Figs. 7(a and b), the dense
sample (Dr 5 80281%) exhibits increasingly stronger contractive
phases following each dilative phase. As the effective stress ap-
proaches zero, the stress path repeatedly follows a butterfly loop. In
Figs. 7(c and d), the shear strains progressively accumulate during
each loading cycle, referred to as cyclic mobility. The accumulated
shear strain of both test and model simulation reaches around 10%
after 15 and 25 loading cycles for two cyclic tests, respectively. The
shape of the stress-strain curves also progressively change to form a
banana pattern: as the effective stress approaches zero, small re-
sidual shear strength results in large shear strains and a flow-type
mode of failure. However, during the subsequent dilative phase,
considerable strain hardening and recovery of shear strength are ob-
served. Progressive buildup of effective pore pressure ratio is also
compared in Figs. 7(e and f).

On the other hand, the loose samples (Dr 5 40244%) exhibit
a purely contractive response and continuous reduction of effective
stress during the first a few cycles in Figs. 9(a and b) and 10(a and b).
Once the effective stress approaches zero, large cyclic strains
suddenly develop, as shown in Figs. 9(c and d) and 10(c and d). The
postliquefaction stress-strain response of the loose sand is similar to

that of the dense sandwhere shear strength is regained through strain
hardening during the dilative phase. Although the postliquefaction
deformation is more difficult to capture accurately, the simulation
results are in close agreement with the experimental tests such that
the shear strain reaches around 16 and 10% after five and seven
cycles in these two tests, respectively. Progressive buildup of ef-
fective pore pressure ratio in loose samples is also compared in
Figs. 9(e and f) and 10(e and f). The proposed model demonstrated
an excellent capability in simulating the effective stress paths, stress
strain behaviors, and pore pressure buildup of both dense and loose
soil samples.

Conclusions

Modeling undrained cyclic behaviors of sandy soils has important
applications in geotechnical earthquake engineering. The bounding
surface hypoplasticity model, originally proposed by Wang et al.
(1990), has been widely used to simulate seismic response and
liquefaction phenomena of saturated sands. However, themodel was
developed based on experimental data on liquefiable loose sands and
is not suitable for simulating cyclic behaviors of sands in the dense
state.

A modified bounding surface hypoplasticity model is developed
in this study to improve the simulation of distinct dilatancy behav-
iors of both loose and dense sandy soils during various phases of
cyclic loading. More general modulus formulations are proposed

Fig. 9. Comparison of model simulation for Dr 5 44%, p09 5 200 kPa, CSR5 0:12
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based on observation from laboratory tests and a set of new postu-
lates. The proposed model also features a state-dependent dilatancy
surface and incorporates the effects of the accumulated plastic
strains on the plastic moduli to better simulate cyclic mobility and
postliquefaction behaviors. Comparison of the model simulations
with a set of undrained cyclic simple shear test on Fraser River sand
demonstrated its excellent performance in simulating cyclic mo-
bility and postliquefaction behavior of both loose and dense sands.
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