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Abstract:Micromechanical modeling provides significant insight into the fundamental mechanism of soil liquefaction. In this study, a series of
undrained cyclic simple shear simulations were conducted by using discrete element method (DEM). The particle-scale information provided by
DEM was used to quantify the local void distribution around particles. Two microscale descriptors, named as the shape-elongation descriptor
(Ed) and the orientation-anisotropy descriptor (Ad), were proposed to quantify the overall anisotropy of local void distribution in the granular
packing. Before initial liquefaction, the particle-void distribution remains to be globally isotropic for isotropically consolidated samples. An
irreversible development of anisotropy in terms of Ed and Ad mainly occurs in the post-liquefaction stage. In addition, jamming transition of the
liquefied soil is determined by using these descriptors because a unique hardening state line (HSL) is found in the Ed − Ad space that can
differentiate a post-liquefaction flow state from a hardening or jamming state. Furthermore, large post-liquefaction flow strains are found to be
closely correlated to the descriptors. DOI: 10.1061/(ASCE)EM.1943-7889.0001482. © 2018 American Society of Civil Engineers.

Author keywords: Discrete-element method; Liquefaction; Particle-void structure; Jamming transition.

Introduction

For saturated soils under undrained cyclic loading, cyclic mobility
and flow liquefaction may induce large ground deformation and
cause severe damage to civil structures. Initial liquefaction refers
to the first time when effective confining stress decreases to zero
and excess pore water pressure ratio increases to 100% (Seed and
Lee 1966). The overall undrained cyclic loading process can be
separated into pre- and post-liquefaction stages by the initial lique-
faction. In the post-liquefaction stage, granular soils would expe-
rience large flow deformation in a “fluid-like” state under nearly
zero effective stress (Idriss and Boulanger 2008). Jamming transi-
tion could occur in the liquefied soil, leading to a hardening state or
solid-like state under nonzero effective stress (Shamoto et al. 1997).

Although the geotechnical community has long known that
cyclic liquefaction and cyclic mobility result in significant changes
in the load-bearing fabric of the granular soil, a clear characteriza-
tion of these changes has been lacking. Here, fabric of granular
soils refers to the arrangement of particles, particle group, and void
space distribution (Mitchell and Soga 2005). It has been found
that the fabric has a profound influence on the properties of sands
such as the small-strain stiffness, permeability, peak strength, and

dilatancy (Sitar 1983; Wang and Mok 2008; Ventouras and Coop
2009; Fonseca et al. 2012). Exploring the characteristics of fabric
will also help to develop physically based constitutive models
(Dafalias and Manzari 2004; Zhang and Zhang 2008; Chang
and Yin 2010; Yin et al. 2010; Wang and Xie 2014; Gao and
Zhao 2015; Yin et al. 2017). To quantitatively study the fabric,
two-dimensional (2D) biaxial tests using photoelastic disks (Oda
et al. 1985) and rods (O’Sullivan et al. 2002) had been conducted.
Most recently, a microcomputed tomography (micro-CT) scan
technique has been used to get the microscale images of fabric
in granular assemblage of real sands (Fonseca et al. 2012).

Yet these technologies have not been implemented in the study of
cyclic soil liquefaction. On the other hand, numerical simulations
based on discrete element method (DEM) provide a more convenient
and less costly choice to observe the fabric directly (Rothenburg and
Bathurst 1989; Thornton 2000; O’Sullivan 2011; Guo and Zhao
2013). The DEM has been proven to be capable to investigate
the cyclic soil behavior (Ng and Dobry 1994; Sitharam et al.
2009; Phusing and Suzuki 2015). Most recently, DEM has been used
successfully to study fabric evolution in the cyclic liquefaction
process (Wang and Wei 2016; Wei and Wang 2016, 2017).

Traditional studies on fabric quantification are mostly based on
interparticle contact methods (Satake 1992; Kuhn 1999; Thornton
2000; Li and Li 2009; Guo and Zhao 2013), which are easy to im-
plement in the DEM simulation. However, fabric quantification of
liquefied soils is particularly challenging because a liquefied soil
loses nearly all contact points, so the contact-based fabric may
not be a reliable indicator for such a case. On the other hand,
void-based fabric can be an option to study cyclic liquefaction.
Among very limited studies, a few void-based fabrics have been pro-
posed, including the void cells (Satake 1992; Kuhn 1999) and solid/
void cell system (Li and Li 2009). However, the construction of the
void cell in these studies is still based on either branch vectors
(Satake 1992; Kuhn 1999) or interparticle contacts (Li and Li
2009), which is only useful to quantify the anisotropy of void in a
solid-like state, but not the fluid-like state (Wei and Wang 2015a, b;
Wang and Wei 2016). The scan-line method (Oda et al. 1985;
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Ghedia and O’Sullivan 2012) is a different approach to quantify
void-based fabric. In this method, a 2D image of granular soils is
scanned by a series of parallel lines with inclination between −90
and 90°. The void fabric is constructed by the mean length of voids
intercepted by the scan lines. This method gives the anisotropy of
void-based fabric for granular soils at any state. However, microscale
information regarding features of individual voids cannot be captured
in the method.

In this paper, a weighted Voronoi tessellation scheme is used to
divide the void space around particles without relying on interparticle
contact information. Therefore, the method is well suitable for de-
veloping void-based fabric for even fully liquefied soils. In this study,
two new void-based fabrics,Ed and Ad, are developed to characterize
the shape and orientation of local void distribution around particles.
The evolution of these new fabric measures is studied for granular
soils before and after liquefaction through a series of undrained
cyclic simple shear tests conducted using the DEM simulation.
Post-liquefaction behaviors, in terms of jamming transition and flow
deformation, are correlated to these new descriptors. The microscale
study aims at providing insight into the fundamental mechanism of
soil liquefaction.

DEM Simulation of Cyclic Behavior

To conduct the numerical simulations, an open-source DEM code,
Yade (Šmilauer et al. 2015), is used. A total of 4,000 circular (2D)

particles are randomly generated within a squared representative
volume element (RVE). The radius of particles ranges from 0.15
to 0.45 mm, and the mean radius R50 is 0.3 mm. The simplified
Hertz–Mindlin model (Yimsiri and Soga 2010) is used to describe
the interparticle contact behaviors in loading and unloading. All
particles have Young’s modulus of 70 GPa and Poisson’s ratio
of 0.3. Note that periodic boundary condition is prescribed on this
RVE to enhance the shear strain field to be uniform inside the RVE
even when a relatively small number of particles are used.

First, the particles are consolidated isotropically under a confining
pressure of 100 kPa, then subjected to undrained cyclic simple shear
tests. Table 1 summarizes the loading conditions of the cyclic simple
shear tests, in which three samples of different relative densities
(Dr ¼ 46, 62, and 72%) are generated. The maximum void ratio,
emax, and the minimum void ratio, emin, are determined as 0.272
and 0.178, respectively, based on DEM simulations. It should be
noted that “relative density” used in this study is only a nominal ter-
minology to indicate different denseness of the packing, and it does
not have the same meaning as that used in the laboratory. The cyclic
shear stress ratio (CSR) is defined as the cyclic shear stress (τ )
divided by the vertical consolidation stress (σ 0

v;0 ¼ 100 kPa), such
that CSR ¼ τ=σ 0

v;0 (Idriss and Boulanger 2008). The model setup
is shown in Fig. 1(a).

Figs. 1(b and c) show that the simulation results of sample Dr62
are qualitatively similar to experimental results (Shamoto et al.
1997). With the increase of cycle numbers, effective vertical stress
(σ 0

v) gradually decreases until initial liquefaction occurs. The initial
liquefaction is based on the occurrence of zero effective vertical
stress, in practice, σ 0

v < 0.5 kPa. After liquefaction, the stress path
shows repeated butterfly loops while the shear strain amplitude
keeps increasing cycle by cycle. Within a loading cycle in post-
liquefaction stage, granular packing is transformed between a flow
state and a hardening state. Accordingly, the shear deformation is

Table 1. Loading conditions in the simulation

Sample Relative density, Dr (%) CSR

Dr46 46 0.16=0.18=0.20
Dr62 62 0.22=0.25=0.28
Dr74 74 0.30=0.35=0.40

(a) (b)

(c) (d)

1   5 

Fig. 1. Cyclic stress-strain behaviors of sample Dr ¼ 62% with CSR ¼ 0.25: (a) model setup; (b) shear stress and strain curve; (c) stress path; and
(d) definition of the flow strain and hardening strain. The cycle number is counted from initial liquefaction.
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divided into flow strain and hardening strain (Shamoto et al. 1997),
as shown in Fig. 1(d). The flow strain (γ0) refers to the double-
amplitude strain component when shear stiffness is extremely
low and effective stress is almost zero. During flow state, granular
packing behaves like a fluid. The hardening strain (γd) refers to the
strain component when shear stiffness and effective stress have a
sharp increase or are much higher than zero. During the hardening
state, granular packing behaves like a solid. Note that before initial
liquefaction, granular packing belongs to the hardening state. The
transition point [Point b in Fig. 1(d)] is the end of the flow strain
and the start of the hardening strain. In the hardening state, stress-
strain behavior is almost identical between different loading cycles,
while flow strain amplitude (γ0) increases cycle by cycle.

Descriptors for Particle-Void Distribution

Weighted Voronoi Tessellation

In granular packing, particles are trapped in a localized metastable
region formed by its surrounding particles (Pouliquen et al. 2003).
Particle movement is restricted in the metastable region during
shear deformation. In this study, the weighted Voronoi tessellation
is used to partition the void space around a particle. Compared with
the regular Voronoi tessellation that bisects the distance between
centroids of particles, the weighted Voronoi tessellation uses the
radius of particles as a weight when dividing the void space, such
that a single particle will be entirely encased by a polygonal
Voronoi cell, as shown in Fig. 2. Note that if the regular Voronoi
tessellation is used, the Voronoi cell may undesirably crosscut mul-
tisized particles. Mathematically, the particle and its surrounding

void space can be described as fPðiÞ;RðiÞ; ½VðiÞ
1 ; : : : ;VðiÞ

k �g, where
PðiÞ is the center of the particle i, RðiÞ is the radius of the particle i,
and ½VðiÞ

1 ; : : : ;VðiÞ
k � are vertexes of the Voronoi cell. Note that con-

struction of the Voronoi cell does not rely on interparticle contact
information; therefore, it can be well used to study the void distri-
bution in a liquefied granular packing even if particles lose their
contact.

Definition of Cell-to-Particle Ratio

The void space within a Voronoi cell is the potential space for the
particle to move. For example, around the central particle in Fig. 2,
large void space can be found in the upper right and lower left

side of the particle. Here, the cell-to-particle ratio (CP ratio) is con-
sidered to characterize the local void distribution. The CP ratio is
defined as follows:

rðθÞ ¼ RcðθÞ
RpðθÞ

ð1Þ

where RcðθÞ and RpðθÞmeasure the radial dimension of the cell and
particle, respectively. rðθÞ describes the angular distribution of the
local void around a particle in a cell. Based on the definition, rðθÞ
has the following characteristics:
1. There is a clear positive relationship between the enclosed area

of rðθÞ and the local void ratio, which is defined as the ratio
between area of the void and area of the particle for a cell.
For simplicity, if the particle shape is assumed to be circular,
i.e., RpðθÞ≡ Rp, the local void ratio of the cell becomes:

eL ¼ Ac

Ap
− 1 ¼

H
R2
cðθÞdθH
R2
pdθ

− 1 ¼ Ar

π
− 1 ð2Þ

where Vc and Vp = areas of the cell and particle, respectively;
and Ar ¼ 1

2

H
r2ðθÞdθ = enclosed area of rðθÞ. Therefore, larger

enclosed area of rðθÞ corresponds to higher local void ratio.
2. The shape of rðθÞ reflects anisotropy of local void distribution

around a particle. If rðθÞ is elongated [refer to cell No. 1 in
Fig. 3(b)], larger void space is distributed along the elongated
direction and the compressibility of the cell along the direction
would be larger.
Recent studies demonstrated that the probability distribution of

eL remains to be almost constant during an undrained loading (Guo
and Zhao 2014), even for the case of large deformation. On the
other hand, the anisotropy of local void distribution, i.e., the shape
of rðθÞ, keeps evolving in undrained cyclic loading, and it may be
used as a fabric indicator. In the following section, we will use a
Fourier descriptor to analyze the shape of rðθÞ.

Fourier Descriptors to Measure Local Anisotropy

Fourier descriptors have been widely used for particle shape char-
acterization (Bowman et al. 2001), which are used to analysis the
shape of rðθÞ:

r2ðθÞ ¼ r20 þ
Xþ∞

n¼1

Dn cos nðθ − θnÞ ð3Þ

For particle shape characterization, D2 has been verified to con-
trol the particle elongation, and D3–D7 control the irregularities of
the particle shape (Bowman et al. 2001; Mollon and Zhao 2013). In
this study, only elongation and orientation of the shape are
considered, so rðθÞ can be approximately expressed as follows:

r2ðθÞ ¼ r20 þD2 cos 2ðθ − θ2Þ ð4Þ
where r20 ¼ Ar=π; and Ar = enclosed area of rðθÞ, such thatH
r2ðθÞdθ=2 ¼ Ar. Then

r2ðθÞ ¼ Ar

π
½1þ ed cos 2ðθ − θdÞ� ð5Þ

where ed ¼ π
AD2 = shape factor of rðθÞ that controls the elongation;

and θd ≡ θ2 = principal orientation of rðθÞ. If ed ¼ 0, the shape of
rðθÞ is the circle and the principal direction θd can be any values.
Fig. 3 shows examples of rðθÞ associated with each particle (solid
line) and its Fourier approximation (dashed line).

The importance of shape factor (ed) to mechanical behaviors
of granular packing is illustrated in Fig. 4, where two granularFig. 2. Weighted Voronoi tessellation of 2D granular packing.

© ASCE 04018067-3 J. Eng. Mech.
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packings have different ed values even though they contain the
same amount of particles and void. Particles in Fig. 4(a) form
an arching structure (ed ¼ 0.183), and the packing could take
loads and behaves like a solid. In Fig. 4(b), particles are separated
from each other (ed ¼ 0), and the packing cannot take any load
and will behave like a fluid. Note that Fig. 4 is only for illustrative
purpose to demonstrate that granular packings with the same void
ratio but different ed can have different mechanical behaviors. It is
worth mentioning that some existing fabric indicators would not
be able to distinguish these two types of packings clearly. For ex-
ample, the scan line method (Oda et al. 1985; Ghedia and
O’Sullivan 2012) would result in the same void-based fabric that
is isotropic for both cases. The solid/void cell system (Li and Li
2009) and void cells (Satake 1992; Kuhn 1999) will not be appli-
cable to the case of Fig. 4(b), since there is no interparticle contact
in the packing.

Quantification of Particle-Void Distribution

The ed and θd in Eq. (5) quantify the local void distribution around
a single particle. The ed measures the shape elongation and the θd
measures the anisotropy of principal orientation of local void dis-
tribution rðθÞ. By statistical analysis of fed; θdg associated with all
particles in the granular packing, the particle-void distribution for
the entire packing can be quantified.

The first descriptor, named as shape-elongation descriptor Ed,
measures the mean value of ed, and is defined as

Ed ¼
1

Np

XNp

i¼1

eðiÞd ð6Þ

where Np = number of particles in the packing. Ideally, the prob-
ability density function (PDF) of ed should be used to fully describe
the distribution of the shape factor fedg. Yet, it is interesting to
observe that the PDF of the normalized shape factor (ed=Ed) fol-
lows a gamma distribution, which remains to be unchanged for
samples under various loading stages. The detailed discussion will
be presented in the Evolution of Ed and Ad section. Therefore, Ed
becomes sufficient to describe the distribution of the shape factor
fedg in the entire packing.

Assume n is the unit vector along the principal orientation θd,
then ðni; njÞ ¼ ðcos θd; sin θdÞ for the 2D case. Following the
method proposed by Oda (1982), a fabric tensor can be defined
as follows:

Fij ¼
1

Np

XNp

k¼1

nðkÞi nðkÞj ¼
I
θd

fðθdÞninjdθd ð7Þ

where fðθdÞ = angular distribution function of θd associated with
all particles, i.e.,

H
θd
fðθdÞdθd ¼ 1. It can be approximated using a

Fourier series as follows (Sitharam et al. 2009):

fðθdÞ ¼ f0ð1þ aijninjÞ ð8Þ

In the 2D case, f0 ¼ 1=2π and aij is a symmetric second-order
tensor that contributes to the deviatoric part of the fabric tensor,
F 0
ij, through the relationship aij ¼ 4F 0

ij. Eq. (8) can be expressed
equivalently as

fðθdÞ ¼
1

2π
½1þ jAdj cos 2ðθd −ΘdÞ� ð9Þ

where jAdj ¼ ½ða11 − a22Þ2 þ ða12 þ a21Þ2�1=2=2, which quantifies
the anisotropy degree of fðθdÞ; tanð2ΘdÞ ¼ ða12 þ a21Þ=
ða11 − a22Þ; and Θd ∈ ð0; πÞ = principal direction of fðθdÞ.

In this study, Ad is chosen as the second descriptor, named as
the orientation-anisotropy descriptor, to quantify the particle-void
distribution, and its absolute value measures the anisotropy of local
void orientation. The sign of Ad is determined by Θd. When
Θd ∈ ð0; π=2Þ, Ad > 0, and when Θd ∈ ðπ=2; πÞ, Ad < 0.

The roles of Ed and Ad in the overall anisotropy of the packing
are illustrated in Fig. 5. In the figure, the shaded shapes represent
the local void distribution function rðθÞ around different particles.
Fig. 5(a) contains elongated shapes with random principle orienta-
tions. Obviously, the packing is overall isotropic, and it has a large
value of Ed and a small value of jAdj. On the other hand, Fig. 5(b)
consists of elongated shape oriented in the same direction. There-
fore, the packing is globally anisotropic, and has large values of Ed
and jAdj. As shown in Figs. 5(c and d), the shapes in Fig. 5(c) are
randomly orientated, but along the same direction in Fig. 5(d). Yet,
the differences between two patterns are not significant. Therefore,
the overall anisotropy will be less affected by shape orientation
if the shape is more spherical (i.e., small Ed).

Particle-Void Distribution before and after
Liquefaction

Evolution of Ed and Ad

Until now, two descriptors, Ed and Ad, are derived from statistical
analysis of shape factor fedg and principal direction fθdg of rðθÞ
associated with all particles to quantify the particle-void distribution.

(a) (b)

Fig. 3. Fourier approximation of rðθÞ.

(a) (b)

Fig. 4. Granular packings with the same void ratio but different ed:
(a) ed ¼ 0.183; and (b) ed ¼ 0.

© ASCE 04018067-4 J. Eng. Mech.
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Firstly, the evolution of Ed and Ad during the whole loading process
(before and after initial liquefaction) is examined. Figs. 6(a and b)
demonstrate the evolution of Ed and Ad with the number of loading
cycles under different CSRs. Note that before initial liquefaction, only
the data at the end of each loading cycle are plotted. After initial

liquefaction, more data points are presented to show the variation
of Ed and Ad within each loading cycle. Loading path significantly
influences the number of loading cycles for the sample to reach initial
liquefaction, as shown in Fig. 6(a). For sample Dr ¼ 46%, 345 load-
ing cycles are required under CSR ¼ 0.16 to reach initial liquefac-
tion. When CSR increases to 0.18 and 0.20, the number of loading
cycles decreases dramatically to 46 and 16, respectively. Interestingly,
Ed and Ad have almost the same value (Ed ¼ 0.133 and Ad ¼ 0.03)
for different CSRs at the initial liquefaction. It means that particle-
void distribution at initial liquefaction is not influenced by different
loading paths that lead the sample to liquefaction. The case of CSR ¼
0.16 in post-liquefaction is replotted in Figs. 6(c and d). Note that
changes in both Ed and Ad are negligible before the initial liquefac-
tion compared with that in the post-liquefaction stage.

After initial liquefaction, the evolution of Ed and Ad gradually
speed up as shown in Figs. 6(b and d). During the eight loading
cycles after initial liquefaction, Ed decreases from 0.133 to
0.105 while the amplitude of Ad increases from 0.03 to 0.6. After-
wards, evolution of both Ed and Ad get stabilized. Within each
loading cycle, Ed demonstrates alternative change from 0.105 to
0.117 and Ad varies from −0.6 to 0.6. It indicates the existence
of an ultimate state in terms of particle-void distribution. The de-
crease in Ed means that local void distribution around a single
particle (ed) on average becomes less anisotropic. Fig. 7 shows
the particle configuration and local void distribution at different
stages. The line in each particle has the length of the particle diam-
eter and tilts toward the orientation of θd. The thickness of the line
measures the magnitude of ed. Before initial liquefaction, large
void space is found to distribute on one side of particles [refer
to Fig. 7(a)], and the shape factor ed associated with these particles
has higher values. Continuous cyclic loadings will drive particle
configuration toward to the packing in Fig. 7(b), in which local
void is more uniformly (isotropically) distributed around particles.
Consequently, shape factor ed decreases.

(a) (b)

(c) (d)

Fig. 5. Schematic illustration of packings with different magnitudes of
Ed and Ad.

(a) (b)

(c) (d)

Fig. 6. Evolution of Ed and Ad with the number of loading cycles during the whole loading process. Data of Ed and Ad in post-liquefaction stage are
enlarged in (b) and (d) for better illustration. In the legend, BL = before initial liquefaction and AL = after initial liquefaction.

© ASCE 04018067-5 J. Eng. Mech.
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In the granular packing, ed associated with all particles form a
large data set with population of Np (the number of particles). The
mean value of ed is denoted as Ed according to Eq. (6). It is inter-
esting to notice that the PDF of the normalized variable, normalized
ed=Ed, remains unchanged at different loading stages. Fig. 8(a)
demonstrates the PDF at three representative stages: Point A (the
initial consolidation), Point B (the flow state in post-liquefaction),
and Point C (the hardening state in post-liquefaction), as indicated
in Figs. 6(a and b). The PDF of the normalized ed=Ed can be well
fitted by a single gamma distribution as follows:

Pðxja; bÞ ¼ 1

baΓðaÞ ðxÞ
a−1e−x

b ð10Þ

where x = ed=Ed; ΓðaÞ = gamma function; a ¼ 1.688 for all sam-
ples; and b ¼ 0.592 for all samples. Moreover, the PDF of normal-
ized ed=Ed is found to be independent of relative densities
of samples for the initial consolidation state, as demonstrated in
Fig. 8(b). Therefore, only the mean value of ed is sufficient as a
descriptor to quantify the particle-void distribution.

Evolution of Ed and Ad within a Loading Cycle

Fig. 9 shows the evolution of Ed and Ad along with shear stress
during a loading cycle (CSR ¼ 0.16) in the post-liquefaction stage.
Points 1–3 denote three typical states within an half loading cycle
from τ ¼ 16 kPa to τ ¼ −16 kPa. Points 1 and 3 are selected at the

maximum shear stress where τ equals to 16 and −16 kPa, respec-
tively. Point 2 is picked when Ad ¼ 0 because the packing is under
flow state with an effective stress of zero. A strong correlation
among Ed, jAdj, and shear stress can be clearly observed.

At Points 1 and 3 with the peak shear stress, both Ed and jAdj
reach the peak value. At Point 2 (Ad ¼ 0), Ed almost approaches its
minimum value. Decrease of Ed during the unloading process
(from Points 1 to 2) is due to the void redistribution during the
collapse of load-bearing structure. As discussed previously, granu-
lar packing has higher value of Ed when the packing could sustain
the load compared with the packing under the flow state (refer to
Fig. 7). Upon reloading from Points 2 to 3, Ed increases as the load-
bearing structure gradually establishes. Change of Ad from 0.54 in
Point 1 to −0.53 in Point 3 can be explained by Fig. 10, which
shows the θd associated with all particles in the sample and their
angular distribution fðθdÞ at these three points. At the peak shear
stress Points 1 and 3, θd associated with most particles is close to
the extension direction, leading to a large value of jAdj. On the other
hand, at Point 2, θd is distributed isotropically along all directions,
resulting in a small value of jAdj.

Hardening State Line: Transition from Flow to
Hardening State

In the post-liquefaction stage, granular packing will transform from
a flow state to a hardening state under shearing, a phenomenon
called jamming transition in the physics community. The transition
point is defined to separate the flow strain (γ0) and the hardening
strain (γd) as shown in Fig. 1(d). To identify the transition points,
coordination number Z, defined as the ratio between total interpar-
ticle contact number and total particle number (Z ¼ 2Nc=Np), can
be used to differentiate the mechanical status of granular packing
(Wang and Wei 2016; Wang et al. 2016). Fig. 11 demonstrates the
evolution of Z during cyclic loading and the relation between Z and
shear stress. Before liquefaction, Z gradually decreases from initial
value of 3.36 to 2.2 at the initial liquefaction. With further cyclic
loading in post-liquefaction, Z shows a strong variation within each
loading cycle, where it drops to near zero at the flow state and in-
creases to 2.4 at the hardening state. From Fig. 11(b), a strong cor-
relation can be observed between Z and the shear stress such that
the shear stress is negligible until Z is greater than a critical value of
around 2. In other words, a particle on average needs at least two
contacts from neighboring particles to establish a stable load-
bearing structure in this sample. Similar observation can be
made from the other two samples with different relative densities

(a) (b)

Fig. 8. (a) Probability distribution function of ed=Ed for sample Dr ¼ 46% at three loading stages; and (b) PDF of ed=Ed for the three samples with
different relative densities for the initial consolidation state. A, B, and C represent initial consolidation, flow state, and hardening state in post-
liquefaction as shown in Figs. 6(a and b), respectively.

(a) (b)

Fig. 7. Particle configuration and local void distribution of sample
Dr46 at different stages: (a) before initial liquefaction (Ed ¼ 0.134
and Ad ¼ 0.024); and (b) after initial liquefaction (Ed ¼ 0.109 and
Ad ¼ 0.011).
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(a) (b)

Fig. 9. Evolution of Ed and Ad within a loading cycle in the post-liquefaction stage: (a) the evolution of Ed; and (b) the evolution of Ad. Shear stress is
also plotted for comparison.

(a)

(b)

(c)

Ext.Com.

Com.Ext.

Fig. 10. Angular distribution fðθdÞ at three different stages (Points 1–3). The line in each particle has the length of the particle diameter and tilts
toward the orientation of θd.
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(Dr ¼ 46% and Dr ¼ 74%). Therefore, Z ¼ 2 is adopted to iden-
tify the jamming transition points.

The force chain network reflects how the stress is transmitted
through the granular packing. Figs. 12(a and b) demonstrate the force
chain network of sample Dr ¼ 62% when Z ¼ 1 and Z ¼ 2. The
thickness of the force chain denotes the magnitude of contact normal
force. Note that the normal force of interparticle contacts is very
small in both cases because the effective stress of the packing is
almost zero. In the force chain network of Z ¼ 1, most interparticle
contacts distribute at two regions in the middle of the packing. The
network is far from fully established. For the force chain network of
Z ¼ 2, the spatial distribution of interparticle contacts is more
uniform. A preferred orientation of contact normals is clearly pre-
sented along the compression direction. Although the normal force
of contacts is still very low, the network is fully established and
provides a strong backbone for the further increase of effective stress
and stiffness. The force chain network further confirms the identi-
fication of jamming transition point by Z ¼ 2.

Fig. 13(a) shows the evolution of Ed and Ad during cyclic load-
ing for sample Dr ¼ 62%. Given that the change in Ed and Ad is
negligible before initial liquefaction, we only plot data in the post-
liquefaction stage in Fig. 13(a). It can be observed that Ed decreases
gradually with increasing of absolute Ad. Jamming transition point
(Z ¼ 2) and an intermediate point (Z ¼ 1) are highlighted. It is
worth mentioning that the jamming transition point clearly defines
loci of a hardening state line (HSL) in the (Ed, Ad) plot. As can be
seen in Fig. 13(a), an HSL can be approximately fitted by a linear
equation. It delineates the boundary to separate the flow state and
hardening state in the Ed − Ad space. Inside HSL, granular packing
belongs to the flow state with no load-bearing structure and behaves

like a fluid. Beyond HSL, granular packing belongs to the harden-
ing state with the stable load-bearing structure and behaves like a
solid. The existence of HSL also indicates that the load-bearing
structure in the post-liquefaction stage can be formed only if either
Ed or jAdj becomes sufficiently large. Otherwise, the packing
remains in a flow state.

Further, the uniqueness of HSL is examined using the same
sample under cases with different cyclic stress ratios (CSRs)
(CSR ¼ 0.22, 0.25, and 0.28). As shown in Fig. 13(b), data from
different loading cases are aligned on a single HSL, indicating that
the particle-void distribution at the transition points is independent
of different loading paths. Additionally, HSL is found to be influ-
enced by relative densities of samples. As shown in Fig. 14, HSL
shifts to the left for samples with higher density. On the other hand,
the influence of relative density to the slope of the HSL is not
significant based on the computational results.

(a) (b)

Fig. 11. Coordination number Z of sample Dr ¼ 62% with CSR ¼ 0.25. (a) Z versus strain curve; and (b) relation between Z and shear stress.

Ext.Com.

(a) (b)

Fig. 12. Force chain network of sample Dr ¼ 62%: (a) Z ¼ 1; and
(b) Z ¼ 2.

(a)

(b)

Fig. 13. (a) Evolution of Ed and Ad in the post-liquefaction stage
(loading cycles after initial liquefaction are labeled) for CSR ¼ 0.25,
Dr ¼ 62%; and (b) hardening state lines (HSLs) for different CSRs.
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Relationship between Flow Strain Amplitude and
Particle-Void Distribution

For medium-to-dense sand, flow strain accumulates rapidly with
the further loading cycles in the post-liquefaction stage, and this
is referred as cyclic mobility. The flow strain amplitude in one
cycle, denoted as γ0 [refer to Fig. 1(d)], is the shear strain from
the unloading point to the following jamming transition point.
Fig. 15 presents the relationship between flow strain amplitude
(γ0) and the descriptor Ad, whose absolute value is chosen as
the value at the previous unloading point. Fig 15(a) shows the Ad −
γ0 relation for the sample Dr ¼ 62% under different loading paths.
It can be observed that all data points are distributed along two
well-defined symmetric lines. A strong correlation exists between
the flow strain amplitude (γ0) and jAdj, indicating that a sample

with a higher jAdj at the unloading point will be followed by a
larger flow strain (γ0) to reach the next jamming state. Based
on Fig. 15(a), the Ad − γ0 relationship is not influenced by different
loading conditions, given that the data points of different CSRs all
follow the same trend. Fig. 15(b) shows the Ad − γ0 curve of sam-
ples with different relative densities. The slope of the Ad − γ0 curve
becomes steeper and the maximum value of γ0 is higher with
decreasing relative density of samples. The maximum value of
γ0 at the ultimate state increases from 10% of sample Dr74 to
25% of sample Dr46.

Conclusions

In this study, new fabric measures, the shape-elongation de-
scriptor Ed and the orientation-anisotropy descriptor Ad, for
two-dimensional granular assemblies are developed to characterize
the evolution of the particle-void fabric during cyclic liquefaction
and cyclic mobility. It was observed that particle-void distribution
of granular packing has no significant change before initial lique-
faction. Different loading paths only affect the number of loading
cycles leading the sample to initial liquefaction. The irreversible
change in Ed and Ad is primarily developed in the post-liquefaction
stage, in which the overall trend of the evolution is indicated by a
gradual decrease of Ed and a gradual increase of jAdj cycle by
cycle.

In the post-liquefaction stage, a hardening state line (HSL) can
be defined in the Ed − Ad space, which delineates the boundary to
separate a flow state and a jamming state. The existence of an HSL
indicates that jamming transition in liquefied soils, i.e., formation
of a load-bearing structure, can only be possible if either Ed or jAdj
becomes sufficiently large. A strong correlation is observed be-
tween jAdj and the post-liquefaction flow strain (γ0). With a
progressive increase of jAdj in the post liquefaction state, the flow
strain (γ0) is also progressively increasing until a stable particle-
void state is reached. Interestingly, both the HSL and the Ad − γ0
curve are unique and independent of loading paths for a packing.

Finally, it is worth mentioning that although the current study is
based on two-dimensional DEM simulation, the work can be
readily extended to three-dimensional assemblies. Such analysis
will be conducted in the future on a greater range of simulations,
including different types of tests, different initial anisotropy, and
different particle shapes, to further verify the conclusions drawn
in this study.
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Notation

The following symbols are used in this paper:
Ad = descriptor for global anisotropy of local void

orientation;
a, b = parameters in the gamma distribution;
Dr = relative density of granular sample;
Ed = descriptor for elongation of local void shape;
e = void ratio of granular sample;

emin, emax = minimum and maximum void ratio;

Fig. 14. HSL for different samples with different CSRs.

(a)

(b)

Fig. 15. (a) Relationship between Ad at the unloading points and the
following flow strain amplitude (γ0) with different loading paths; and
(b) Ad − γ0 relationship of samples with different relative densities.
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ed = shape factor of local void distribution;
eL = local void ratio;

fðθdÞ = angular distribution function of θd associated
with all particles;

Nc = total number of interparticle contacts in the
granular sample;

Np = total number of particles in the granular sample;

PðiÞ = center of particle i;
RðiÞ = radius of particle i;

RcðθÞ, RpðθÞ = radial dimension of the Voronoi cell and
particle, respectively;

rðθÞ = CP ratio, describes the distribution of the local
void around a particle;

Vc, Vp = areas of the Voronoi cell and particle,
respectively;

½VðiÞ
1 ; : : : ;VðiÞ

k � = vertexes of the Voronoi cell associated with
particle I;

Z = coordination number;
γ = shear strain;
γ0 = flow strain in post-liquefaction stage;
γd = hardening strain in post-liquefaction stage;
θd = principal orientation of local void distribution;
Θd = principal direction of fðθdÞ;
σ 0
v = effective vertical stress;

σ 0
v;0 = vertical consolidation stress; and
τ = shear stress.
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